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1 . Introduction

In this work, new aspects in dislocation continuum theory concerning the J-, M -, and L-integrals are presented
within the framework of three-dimensional, linear, incompatible elasticity theory. First, the J-, M -, and L-
integrals are derived for two straight (edge and screw) dislocations and second for a single (edge and screw)
dislocation in isotropic materials. The results provide to the J-, M -, and L-integrals an important physical
interpretation revealing their significance in dislocation continuum theory.

2 . J-, M -, and L3-integrals of straight dislocations

For two parallel edge dislocations with Burgers vectors in x-direction, the J-, M -, and L3-integrals per unit
dislocation length are given by [1]
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is the pre-logarithmic energy factor for edge dislocations with Burgers vectors in x-direction. Here, µ is
the shear modulus, ν is the Poisson ratio, L is the size of the dislocated body (or outer cut-off radius),
r̄ =

√
x̄2 + ȳ2 is the distance between the two dislocations, and ϕ is the location angle of the dislocation

with Burgers vector b.

The M -integral between two edge dislocations with Burgers vectors in x-direction can be written in terms of
the corresponding interaction energy as follows
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Eq. (6) states that the M -integral of two parallel edge dislocations with Burgers vectors in x-direction per unit
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dislocation length is half the interaction energy between the two dislocations per unit length, plus twice the
pre-logarithmic energy factor Ke

xx.

Important results are summarized as follows:

• The J-integral of dislocations is the Peach-Koehler force (interaction force) between two dislocations.

• Eq. (6) provides to the M -integral the physical interpretation of the interaction energy between the two
straight dislocations.

• The configurational work produced by the Peach-Koehler force for straight dislocations (per unit dislo-
cation length) is constant, and equals twice the corresponding pre-logarithmic energy factor.

• The L3-integral of two straight dislocations is the z-component of the configurational vector moment or
the rotational moment (torque) about the z-axis caused by the interaction of the two dislocations.

• Fundamental relations between the J-, L3-, and M -integrals of straight dislocations have been found and
they show that the J-, L3-, and M -integrals are not independent. If the M -integral is given, then the J1-,
J2-, Jr-, Jϕ-, and L3-integrals can be easily calculated from it. From that point of view, the M -integral
is of primary importance.

• The translational energy-release GTk of straight dislocations is identical to the Jk-integral.

• The rotational energy-release GR of straight dislocations equals twice the value of the L3-integral.

3 . J-, M -, and L3-integrals of a single dislocation

For a single edge dislocation with Burgers vector bx, the J-, M -, and L3-integrals per unit dislocation length,
are given respectively [2]
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is the pre-logarithmic energy factor for a single edge dislocation with Burgers vector in x-direction. Here, ε is
the inner cut-off radius being proportional to the constant dislocation core radius.

An important outcome is that theM -integral (per unit length) of a single dislocation represents the total energy
Utotal of the dislocation (per unit length) which consists of the self-energy (per unit length) plus the dislocation
core energy (per unit length)

M/lz = Us/lz + Ucore/lz = Utotal/lz .(11)

The dislocation core energy can be identified with the work done by the Peach-Koehler force. It is shown that
the dislocation core energy (per unit length) is twice the corresponding pre-logarithmic energy factor.
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