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896.
A TRANSFORMATION IN ELLIPTIC FUNCTIONS.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. xXx1v. (1890),
Pp. 259—262.]

THE formula in question is given in Klein’s Memoir “Ueber hyperelliptische
Sigmafunctionen,” Math. Ann. t. XXVIL (1886), pp. 431—464, see p. 454, in the form

wn[f 8 gy - WIS PG y)
i@y 2 (ayy :

(the discovery of it being ascribed to Weierstrass); and it is also given in Halphen’s
Traité des Fonctions Elliptiques, t. 11 (1888), p. 357.

The algebraic foundation of the theorem is as follows: writing

=1 {/(ae) + ¢},

and as usual I, J for the two invariants of the quartic function (e, b, c, d eQz, y), we
have identically, as is easily verified,

48— Tz —J =1{dy(a)+by(e)},
N4zt =Tz —J)= d+/(a)+b/(e).

or say
Hence putting
A =(a, b, C, d, e}iw‘l, m2)4>
B =(a, Qay, @) (s Ya),

E=(a, QY1 425

N =& Ys — B,

and
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30 A TRANSFORMATION IN ELLIPTIC FUNCTIONS. [896

so that
M =AFE - 4BD +38C,

AJ =ACE - AD*— B*E + 2BCD - C3,
then writing

= oz (V(AE) + 0,

so that A% is a bipartite irrational quadric function of the variables (2, #,) and
(%, %), we have

V(s — T J) = 55 (D V(A) + BA(B),

and we thence infer the existence of a transformation

dz i oy da, — zodw, Yy dy, — yody,y
v<4zs—Iz—J)“M{ A 7 e }

But for the verification hereof and a direct determination of the value of M, observe
that we have

- {«/(E) sy 10— WAE) + 0} 3

where, attending only to.the terms in da,, du,,
dA =4{(a, b, ¢, dYz, z)dz,+ (b, ¢, d, eQa,, x,)°da,},
=4 (4,dz, + A.dz,), suppose;

C=(a, b, chy, Yol 22 +2 (b, ¢, dYy, )@ +(c, d, ey, y) @
&y + 2B, 2, + By, suppose ;
and therefore
dC =2 {(E\», + Ey,) da, + (Eyz, + Eya,) da,}.
Hence

E
dZ 2)‘2 {% ngv)) 4‘ (A dml + A d\’lfg) + 2 (EI.Z‘I + ngg) d.%‘l

+2 (B + By day — W(AE) + €} 2 (yuday - 3, dwg)} .

The whole coefficient herein of dz, is

V{“/(E)A + (B + Ead) —

V(AE)+C
V(d) Te % y*} :

A
which is

1
~S D {Al V(E) + (Bo + Buwy) (A) — ; (4 WKE) + C y(A)} %}

1
= siv@) 1= O+ 1 (Ba + En)] W(A) + [4d — Ayl V(B)),
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896] A TRANSFORMATION IN ELLIPTIC FUNCTIONS. 31
which is
1
= W(— z,) (D V(4)+ B V(E)};

and similarly the whole coefficient of du, is
1
vy @D V) + BN,

Hence the terms in dz,, da, are together

1 D y(4)+ BV(E).

(2, day — woda,)

V() X
and since the terms in dy,, dy, are of the like form, we have
1 1 ) DN(A)+ E V(B
de— {WA) (wdz, — 2yde,) + J(E) (i dy, — ygdyl)} X v );; v ),

and combining herewith the foregoing value

i~ Is - gy = DAA) L E D)
we have the required formula

dz i {wld% — 2, dz, P Y dyyy — yzdyl}

V(42— Iz - J) v(4) vB) )’

As a very simple verification, suppose a =1, b=c=d=e¢=0; then
(A> B) O; -D: E)=(w141 wlsyl, w123/12: w1y13, 3/14),

and if A=y, — 2,7, as before, then

i w12y12 2

) (#1Ye — o2 )? A
where

PR SRS T )

I Y2 — X2l 0 = %
Also I=0, J=0, and consequently
dz _ dz _df_mda,— mdy, _yidy, — yady,
Va2 -Tz=J) 2@ 6 ) iy ’

which, in virtue of the foregoing values of 4, Z, is

_ &y dwy —ayde  yidys — y2dy,
e 1 V)

I remark that an even more simple transformation from the general quartic
radical to the Weierstrassian cubic radical was obtained by Hermite; this is alluded
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to in my “Note sur les Covariants, &c.,” Crelle, t. L. (1855), pp. 285—287, [135],
and is given with a demonstration in my paper “Sur quelques formules pour la trans-
formation des intégrales elliptiques,” Crelle, t. Lv. (1858), pp. 15—24, [235], see No. 1v.;
viz. from the identical relation JU®— IU*H + 4H?®= — ®2, which connects the covariants
of a quartic function, it at once follows that if

U=(a, be¢ d, eQaz, 1),
and H is the Hessian hereof,
H=(ac—b, (ad—bc), ae+2bd—3¢ 2(be—cd), ce—d Yz, 1)*;
then writing
o
=7

we have
dz A 2dxz
N(—422+2l~J) Wi b, ¢, d, eQa, 1)’

which is the transformation in question.
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