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632.

ON ARONHOLDS INTEGRATION-FORMULA.

[From the Messenger of Mathematics, vol. v. (1876), pp. 88—90.]

THE fundamental theorem in Aronhold’s Memoir, “Ueber eine neue algebraische
Behandlungsweise der Integrale...Il (z, y)dz, &ec.,” Crelle, t. LX1. (1863), pp. 95—145, is
a theorem of indefinite integration. The form is

Af d log (@E I +g)at(BE+bn+f) y+gE+fn+e
(az + By +v) (he + by +f) az+ By +
where y is a certain irrational function of @, determined by a quadric equation, and

the other symbols denote constants connected by certain relations; viz. writing, for
shortness,

2

U=(a, b ¢ f 9 iz, y, 1¥, =(a,...=, y, 1) for shortness,

that is,
= aa® + 2hzy + by + 2fy + 292+ ¢;

W=(ab ¢ f g kA= y, 13 7, 1), =(a,...32, y, 1TE, 9, 1),

that is,
=(az +hy +9) E+ (ho + by +f) n + gz +fy +c,

or
(aE+Mmm+g) @+ (hE+by +f)y +gE+fn+c;
P,Q, R)=(z+hy+g, he+dby+f, gz+fy+c),
(Po, @, Ro)=(ak+hn+g, hE+by+f g€+ fn+o)
Q =az+By+y, ’
Qo=af + B+,
(4, B, O, F, G, H)y=(bc—f* ca—g* ab—h, gh—af, hf —bg, fg — ch),
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632] ON ARONHOLD'S INTEGRATION-FORMULA. 13

then y is determined as a function of # by the equation U =0, that is,
(a) b; c, _f, 9, hiﬁ, Ys 1)2=0’

or, what is the same thing,
by=—{he+f+ V(- Ca*+2Gz - 4)} ;
the constants a, B, £ 7 are such that
(@ b, ¢, f, g, hE », 1y=0,
e+ Bn+v=0,
Q=03

that is,

and the value of A is given by
A2=—(A’ Bl G’ Fx G: Hia, B’ '7)2-
The theorem may therefore be written

dw w
Afm=10gﬁ,

where the several symbols have the significations explained above.

The verification is as follows. We ought to have

Ade _Pda+Qdy adz+Bdy
QQ w [0 !

when dz, dy satisfy the relation Pdz + @ dy = 0, viz. substituting for dy the value
P dx ;
ol the equation becomes
é=PoQ_PQ0_aQ_BP
Q w G5y

that is, substituting for Q its value,
AW=(P0Q" PQo)(aw+By+'y)—(aQ—,3P) w.
On the right-hand side, substituting for W its value,

coeff. a =a(P,Q—PQ,)—Q (Poz+ Qy+ R), =QR—QR,
coeff. B=y(PoQ_PQo)+P(P0$+Qoy+Ro)» =R,P - RP,,

(as at once appears by aid of the relation U= Pz+ Qy+ R=0),
coeff. « =P,Q - PQ.

The equation to be verified thus is
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which, substituting therein for P, @, R, P,, @,, R,, their values, and writing

(7\: My V):‘("?_’y; x_f» E:l/""’)w),
is in fact

AW=(4,...Q\, p, v¥a, B, v).
We have identically
(a,..0e 3 12 (@ .. 08 9, 1P~ W =(4,.. .9\ u ¥
which, in virtue of (a,...§§ », 1)*=0, gives
We=—(4,...9\, u, v);
and since A*=—(4,...Ja, B, )’ the equation is thus

Vi—(4,..Qa, B, ). V=4, ...qN, u, v} =(4,...0N, w, v{e, B, ),
that 1is,
“A,..9a, 8 2. 4,...0N, u, vP—[(4,...3N, u, via, B, ¥)F=0.

The left-hand side is here identically
=K (o} }{eyp. — By, av — A, BN — au):
substituting for A, w, v their values, we find
(yu—Br, av —oA, BN —ap) = (20 — £Q, yQy—9Q, 20, - EQ);

viz. in virtue of Q,=0, these are =—£Q, —20, —&Q, and the quadric function is
=K0O*(a,...Q& n, 1)°, vanishing in virtue of the relation (a,...JE », 1)2=0.

The equation in question
Vie (4. 3a, B 9P} Vi= (Ao N, 00} = (403N s, B, )

is thus verified, and the theorem is proved.
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