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Abstract 

lu r.his papt~r we est.ahlisłi r.he gfobal existcm.:e ami u11i41wness of sulutiou for the t,lm!e-dimcmsioual 

and two-<limensiuual quasilineur thermoelasticity system whid1 arises as a mathematical model of 

słrnpe mtmiory alloys. The system represents a multi-dimeusional version with viscosity and capił-

larir.y of the well-known Falk model for one-dimensional martensitk phase transitions. In the set-up 

considered by Pawłow and Zaj~czkowski (l211, l22J and J231) same conditions have been required for 
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the nonlinear term. In the present paper we improve ihe--re8~it by ·irriposing iess restrictive assump• 

tions. 

1 Introduction 

We consider the following initial-boundary value problem in quasi-linear thermoelasticity: 

(TE)d 

uu + 1<QQu - vQu, = 'il · F,,(E, 0), 

[c. - F,,,(c,0)0)0, - kt:;0 = 0F,,,(c,0): E, + v(AE,): Et 

u = Qu = 'ilO · n = O 

in flr = (O, T) x n. 

on Sr = [O, T) x &n. 

1t(O, :c) = u0 (.1:), u.,(O .. r) = 111(,), 0(0, :i;)= 6'0(:,:) 2'. O in n. 

where fl C JR' (d = 2, 3) is a bounded domain with a smooth boundary &fl. Let " = (u,) E :R'' 

denot.e the displacement. vect.or,: = (:,J) wit.h :.;(H) = ½(~ + ~) t.he linearizecl st.rain tensor. H tiu• 

absolute temperature and F E IR is called the elastic energy density. The capillarity term QQu wi1.l, 

constant coefficient ,c > O corresponds to interaction effects on phase interfaces. The coefficients v, r:,. 

and k are positive constants corresponding to the viscosity coefficient, caloric sper:ific heat. all(! the 111•;,1 

conductivity, respectively. 

We use the notations F., = c:,~ ), F,. = ~ and € : C = L1.;-1 i;;r;;, We define the linearized 

elasticity operator Q by the following second order differentia! operator 

Qu =µ./:;u+ (>. + µ.)'il('il, u), 

where >. and µ. are the Lame constants such that 

µ. > O and d>. + 2µ. > O. (1.1) 

The fourth order tensor A represents linear isotropic Hooke's law, defining by 

We note that the tensor has the following symmetry properties 



·•·. 
and the relation Qu = 'il ·E(u)A holds. The assumption (t:l) assures the stro~gellipticity of the operator 

Q aud the following inequality 

wliere "• = min{dA + 21,, 2µ} and a• = max{dA + 21,, 211}. In this article, we consider the following 

structure of the elastic energy density: 

(A) F(t,8) = G(8)H(t) + ll(t) such that 

( 1) C E C"(IR. IR) is as follows: 

!
c,0 iflJEIO,0,) 

C(IJ) = ;,(IJ) if IJ E IB,. H2J 

C2IJ' if 8 E 11/2, oo ), 

where;, E C"(IR. IR),,::" S O and C 1 aud C2 are positive constants for some fixed 81 , 82 satisfying 

O < H1 < H, < .:,c. \Vce "xl.e11d G defined on IR as an odd functio11. 

1 ii) li E C"(S'. IR) sa1.is li1•,s 1.he co11dit.iu11 H(e) ~ O, where § 2 denotes the set of symmetric second order 

(iii) 7l E C"(§2, IR) satisfies 71(,) ~ -C,, where C3 is some real number. 

(iv) H(,) and H(t) satisfy the following growth conditions: 

IH,,(t )I s Cl<l"'- 1 , 

for large ltl. 

Here we note that the regularity assumption for H(t) and 7l(e) assures that there exists a positive 

coustant M such that 

iH.,(z)I + iH.,,(,)I + IH,,,,(e)I + 177., (,)1 + IH,,,(,)I + IH,,,,{e)I SM 

J 



for small /e/. Under the above structure of nonlinearity "t~~' systerri {T E)d ca.n be rewritten as follows: 

u" + 1<QQu - vQu, = '\l · IG(0)H,,(e) + ]l,,(e)]. 

c,,01 - k/:,.0 = 0G"(0)0,H(e) + 0G'{0)a,H{e)"+ v(Ae,): e; 

u = Qu = '\10 ·n= O 

u(O,x) = uo(x), u,(O,x) = u 1(x), 0(O,x) = 0o(x) 2:: O 

in l1r. 

on Sr, 

in n. 

(1.2) 

(1.3) 

(14) 

(L~) 

In this paper we show the unique global existence of a solution for (l.2)- (1.5) under the following 

power of nonlinearity: 

in the 3-D ca.se, a.nrl 

in the 2-D case. 

5 
OS. r < 6, o S. K 1.K2 < 6. 

05,r<l. 

6r + K 1 < 6 (JG\ 

(17) 

Before discussing the result of this paper mare precisely we shall explain the relaLed results and the 

physical background of this model. In [JOJ, Falk presents the Landau-Ginzburg type theory using the 

shear strain c := 8:xu as an order parameter to describe the martensit.ic-austenit.ic pha<.ie t.ransit.io11s 

occurring in 1-D SMA. There are many papers related to 1-D SMA (e.g. l21, l31, IGJ. 1121, l!GJ. 1171 and 

[241). The system (T E)d is a generalization of the 1-D Falk model with interna! viscosity to the 3-D case. 

The Helmholtz free energy density takes the following form 

and the stress tensm is given by 

F(t, '\le,0) = Fo(0) + F(e,0) + /Qu/2 , 

Fo(0) = -c,,0!og(0/03) + cv0 + c 

&F 
u= &e + vAe,, 

where c and 03 denote the positive physical constants. System (TE)d can be derived by an argument 

similar to that in the 1-D case (see l51). For more details on the derivation of this system, we refer to 

1191. In l111, Falk and Konopka give the form of the elastic energy density F as follows: 

3 5 2 

F(e,0) = L o}(0 - 00 )J;'(t) + I;o}(0 - 00 )Jf(t) +La-? J?(e), (1.8) 
i=l i=l i=I 



proved under no conditions between Kand v, and the clai; of nonlinearities is generalized to K, < 6. The 

first two assumptions in (1.10) are present due to the semilinearization which causes the Jack of energy 

conservation law (Lemma 4.1 below). Recently, Pawłow and Zaj~zkowski 121/ have proved the unique 

global existence for the quasilinear system (I.2)-(1.5) under the assurnptions 

2 
o<,.< 3' 0< 1(1 < 'T and 15,·+4!(1 = 15 if K1 > I, O< 2,/ii. $ //. (1.12) 

The latter, restrictive condition between viscosity and capillarity has been removed by the above men

tioned authors in 123/. The aim of the present paper is to prove the unique global exist.ence of a. solut.ion 

to system (1.2)-(1.5) under weaker assumpt.ions t.han (1.12). More prerisely, we admit. !.111• 11onli111ear-

il.y specified in (1.6). (l.7}, and arbit.rary posit.ive coefficients of Gtpillarity ,.. > O rtnrl vi~cosi1.v u > li . 

Unfort.unat.ely, our result. st.iii does not cover the physically realist.ic case ( 1.8). 

Here we add some remarks on the 2-D case. The result.s of 120/ includc the 2-D case of the semili11-

earized problem (SLTE),. The unique global existence for the 2-D quasilinear system (TE), is est.ab

lishecl in 122/ under t.he assumption: 

o s; /' < 8. fi '.', f{1 < OC. ( I. 1.1 I 

In 126/ the unique global exist.ence for r = 1 is proved under ot.her strong assumptions. R.oughly speaking. 

the restrictions in 126/ are such that K1 = O and that the energy of initial data lluollH• + llu1 IIL' + /10ollL• 

is sufficiently small. We note that if we take r = 1 then the quasilinear term 0G"(0)H(e)0, of (1.3) does 

not appear. We also describe the result for the 2-D case in Section 5 of this paper. We show thai. I.he 

system (TE)2 has a unique global solution under the assumptions (1.7). Comparing these assumptions 

with {1.13), we see that the restriction for r is weaker, nevertheless we cannot admit r = 1. 

We now introduce some notations and function spaces. Throughout this paper C and A are positive 

constants independent of time T and depending on time T, respectively. In particular, we may use A 

instead of A{ll(uo, u1, 0o)llx) for some X if there is no danger of confusion. 

• LP(flr) = L';-Lr = LP(Q, T; LP(fl)) is I.he st.an dard Lebesgue space. We ofl.en use the 1101.;11.ion 

LP(fl,) = ViLP for some interval /. 

G 



; : •· 

:r 
;, .. . .. 

when~ 0:~,Bc are c::onstants and Jik denote certain k~th #d.ef.·_.ci~:m:omials w·ith respect to (Eij)- Here we 

remark that in the 1-D case the elastic energy density takes the following form: 

(J.9) 

wlier1> : := 0 .1-u and n·; , H,. a.re posit.ive cons1.a.n1.s. Cnr~1rn.ri11g ( l.8) \vith the 1-D form (l.9), we see 

that. in the 3-0 case H(e) must be the fourth order with respect to E. This causes some dilliculties in 

1.hc 111athe111alical treatment of the system {!.2)- (J.5). Moreover, the difficulties arise also from the fact 

1.i,;,1. 1.l,e useful embeclding H 1 ..__. L = does not hold in the multi-dimensional case. There had been no 

pap„rs un the solvabilit:y of t.his system with the Falk-Konopka elastic energy density {1.8), r = I, /(1 = 4 

; 1111! /\.:.!. = G. Tlie11 P;ndov.· a11d Żochowski j20/ studied Lhe energy density F under several stronger 

;1ss1J111p 1.io11s 1.ha11 (1.8). 11a111t=-l_r, lmwr order pow1-:rs of nouli11earity. J\1loreover, fort.he simplification of 

1.n•at.111P11ts r.hey first curisidered the sernili11earized equations of the quasilinear system (T E)d: 

"" + ,;.Q(Ju - v(JIL1 = '<J • F., (E, 0), 

,·,.fi, - k611 = IIF_,,,(,.fi) : ,, + v(A,,): ,, in Or, 
tSLTE).1 

U .o q,, = 'y/1 11 = {) on Sr , 

u(O, :,:) = uo(x), u, (O, x) = ·u1 (x), 0(0, x) = 0o(x) 2 O in fl, 

which is the model (TE)d with removed quasilinear term 0G"(0)0,H(E). They showed the unique global 

exist.<ence of a sufficiently smooth solution for (SLTE)d under the following assumptions on the nonlin-

ea.rity: 

i11 Lhe 3-D case, and 

I 
Q $ T < 2, 

I 
O$ r < 2, 

{1.10) 

(1.11) 

in the 2-D case. In addition, due to the applied parabolic decomposition of elasticity system, they assumed 

the cou<l itiun U < 2 /'ii, ::; v between viscosity and capillarity. Such assumption, however, does not seem 

realist.ic for SMA viscosity effects which are negligibly small. In [25] the unique global existence of the 

solut.io11 to (S LT Eh iu a larger class is proved by using the contt·action rnapping principle. The resulL is 



• W,;'·'(flr) is the Sobolev space equipped with the norm 

21 

llu/lw;'·'(Or) := L L IID~D:,'u/lL,,(nr)• 
j=O 2r+laj=j 

where Dt := i-ft , D'; = IJ Dt" and Dk := i-{k far multi index o= (oi)~ 1. 

o=r::t1+02+a3 

• H1 (fł) := Wd(fl), where WJ is the Sobolev space equipped with the norm 1/ullwt(n) := I:;1015, 1/D:C-ul/L•(O) · 

• B;'..,, = s; .• (fl) is the Besov space. Namely, s; .• := [LP(fl), Wt(fł)J,1,. ,, where [X, Y],1,.ą is the 

n~al i111.erpulatio11 space. For more details we refer I.o (lJ by Adams and Fournier. 

• C" " 12 (flr) is the Holder space: the set of all conLinuous functions in flr satisfying Holder condition 

in .r with expoHent. n and in l with exponent a/2. 

\•\"1 '. 110\\" :;1.ate I.he main re:;ul1. of this paper. 

Theore1n 1.1. Let the positive physical constants "-, 11, c1, and k be [u:ed arbitr-arily. Assume thal 

111111!!Ho ?: U mul (l.fiJ hold.<; . Then, given 5 < JJ :=:; q < CXJ, Jor any T > O and (uo.u1,0o) E 

l:Ji.~/1'' x ai_7,'h' x B~.~21'1 =: U(p, q), there exists at least one solution (u, O) to (1.2)-(1.5) satisfying 

(u,O) E w:•2 (flr) x W;- 1(flr) =: Vr(p,ą). 

Moreover , i/ we assume mion Bo = e. > O then there exists a positive constant w such that 

O 2': O. exp(-wt) inflr. 

For completeness we recall also the uniqueness result which follows by repeating the arguments of the 

corresponding result in [22, Section 6] . 

Theorem 1.2. In addition to assumptions of Theorem 1.1, suppose that F(o, 0) E C4 (S2 x IR+, IR). Then 

the solution (u,O) E Vr(p,q) to (1.2)-(1.5) constructed above is unique. 

\.\ie• prm·(· ~·1wore1n 1.1 hy usiug the Leray-Sdiauder fixed point. principle. The key estimates are 

the maximal regularity estimate for (1.2), and the classical energy estimate and the parabolic De Giorgi 

met.hod for (1..1). In generał, the derivative of a solution is less regular than the right-hand side of the 



..;):
•,; : 

· . . ,. 
~r:: ;.~\-.· . .-.·... . . 

corresponding equation. However, for parabolic equati<,ris:,i-ucli a loss of regutarity does not occur, as 

in the case of elliptic equations. The estimate ensuring·' this regularity is called the maxima! regularity. 

For more precise information on the maximal regularity•;.,e refer to [4], and for more recent topics of the 

maximal V-regularity we refer to [9]. Since the maxima] regularit.y theory is limited to linea.r paraholir 

equations, we cannot use it directly for the quasilinear equation (1.3). To obtain the higher order a priori 

estimates we apply the classical energy methods and the parabolic De Giorgi method (see [14], [15]}. 

Using these methods we can show the Holder continuity of 0. By virtue of such regularity, we arrive at. 

the estimate in higher Sobolev norm. 

In Section 2 we list severa! preliminary result.s which are used in the paper. [n SecLion 3 we prove 

1.he unique global exist.ence of the solut.ion for cert.ain l.runca.t.ecl vPrsinn of problem (1 .2) -·{ 1.->). To l.!1is 

purpose we use the Leray-Schauder fixed point. principle. In Sect.ion 4 we show that the sol ution of (T Eh 

coincides with the solution of the truncated problem constructed in Section 3 for a sufficiently large 

truncation level L. In Section 5 we consider the 2-D system (TE)z. 

2 Preliminaries 

In this section, we present some auxiliary results which will be used in the subsequent sections. 

Lemma 2.1 (Maximal Regularity). (i) Letp E (1,oo). Denote byu the solution of the linearproblem 

{

u.,+ 1<QQu - 11Qu, = V f in fłr , 
u = Qu = O on Sr, 

u(O,x) = uo(x}, u,(O,x) = u,(x} in fl . 

Then the Jol/owing estimates hold 

llullw:•'(nT) ~ C(lluollB,-a + llu1IIB,-a +li'\/' f!IL-cnT)) 
, · •. : , ., P,P . . P,P . 

(2.1} 

Jor any (uo, ui) E B!-:;,21• x B;,~21• and V· JE V(flr }, and 

(2.2) 

for any (uo, ui) E B;-:;,21• x B;-:;,21• and f E V(flr). 

8 



(ii) Let ą E (I, oo). Assume that p(x) is Holder continuyus in S1 such that inf np> O. Denote by 0 the 

soluti,m of the linear problem 

Then the following estimate holds 

IIBllw; ·'1nr) :,; C(IIBoll ,-~ + IIYIIL•(!l)) 
B,, .,, 

{2.3) 

for· any Ru E B,~.~'l.f ,, , wher·~ C detJend.,; on info p. 

Fm i.Iw proof of (il we refc,r I.o 12,:;, Lemma 2.l, Proposi1.iu11 2.41, and (ii) is the particular case of jl 3, 

:J .2 Examplt·!S A), 2)1 .. \Jexl, we rccall th e useful space-time embedding lemma. 

L~111111a 2.2 (E11 d,eddi11g IU, Lc11111w 11.J. JI). let f E 11",;' ·'(lt·,-). Then, for l Ez:+ and multi index u, 

tł. JolLuw.,; llrnl 

{2.4) 

1,,.,,,,;,lnl ,, ~ I' ,md-,J, := r + l!!.I + J+1 (l - l) < l. lf't' = r + 1'!12 + lli2"2 < I, then 
2 2 I' q -

{2.5) 

moreover, D, D'; f is Holder continuous. Here, f, E (O, min{T, ( 2 )], ( is the altitude of the cone in the 

statement of the cone condition satisfied by !1. 

Lemma 2.3. Let ,p be given in (A)-(i) . Then the Junction ,p(s) satisfies 

,p(s) - s,p'(s) 2'. O 

for any s E [81, 82] 

Proof. Putting f(s) = ,p(s) - s,p'(s), we have f'(s) 

p(.,)- .,.,,'(.s ) 2'. O in [11, , /Jz]. 

-s,p"(s) 2'. O and /(Br) 

{2.6) 

O. Then f(s) = 

o 

Tn show Theon,rn I. I we apply the Leray-Schauder fixed poiut principle. We recall it here in one of 

it.s f!q11ivale11L formulat.i ons for the reader's convenience . 



Theorem 2 .4 (Leray-Schauder Fixed Point Principhi-·f8]): Let X be a· Banach space. Assume that 

4>: IO, I) x X - X is a map with the following properties. 

(LI) For any fixed -r E IO, I) the map 4>(-r, ·): X - X is . compact. 

(L2) For every bounded subset B of X, the family of maps 4>( -,{) IO, 1) - X, Ę E B, is uniformly 

equicontinuous. 

(L3) 4>(0, ·) has precise/y one fixed point in X . 

(L4) There is a bounded sul,set B of X such that rmy fi.ud point in X of <l> (r , -) is contriined in B fm · 

every O ś r ś I. 

Then 4>( I, ·) has at least one fixed point in X. 

3 Truncated Problem 

To prove the existence theorem we firs t consider the following t.runcated problem (TE)f: 

where 

Utt + KQQu-vQu, = rL('v · IG(B)H.,(,) + H,,(,)!) , 

c0 B, - kt.B = BG"(B)B,H(,) + BG'(B)B,H(,) + v(A,,): ,, 

u = Qu = "ilB · n = O 

u(0,x) = uo(x), u,(0,x) = u1 (x), 0(0,x) = 00 (x) 2: O 

ix if lxl ś L, 
rL(x)= 

L~ if lxl 2: L. 

on Sr, 

(3.1) 

(3.2) 

Theorem 3.1. Fix Land 5 < p s; q < oo. Assume that 00 2: O, (1.6) ho/ds and F(,, 0) E C4 (S2 x IR+, IR) . 

Then for any T > O and (uo, u 1 , 00) E U(p, q). there exists a unique solution (uL, BL) to (TE)} sati,fyiug 

(uL, BL) E Vr(P, ą). 

Proof of Theorem S.1. We apply Theorem 2.4 to the map 4>~ from Vr(p,q) into Vr(p,q), 

4>~ : (il, O) .... (u, B), r E IO, 1), 

IO 



defined by means of the following initial-boundary value problems: 

"" + ,·QQu. - vQu, = rrL(v . [G(0)H,,(E) + H,,(t)J), 

u= Qu = 'i70 ·n= O 

u(O,x} = rn0 (x), u,(O,x) = rn 1(x), 0(O,x) = r0o(x) in n, 

where t = E(,,). A fixed point. of 4>~(1. ·) in Vr(p. q) is the desired solution of the system (TE)f. Therefore 

1.0 prove the existence statement it is sufficient. to check that the map cf>~ satisfies assumptions (Ll)- (L4) 

111 1'11tiure111 :l.4. :\iu1.1ug 1.liaL l'L is Lipschitz cont.inuous 1 we can check assumptions {Ll), (L2) and (L3) 

i11 t.he same way as I.hat. in [21, Section 3j. Thcn it is sufficient to check the assumption (L4), namely, to 

,J„rive a priori bounds for a fixed point of t.he sol11t.i011 map <I>~. Without loss of generality we may set 

, = I . He11ce, from 111,w 011 our purpose is 1.0 oh1.ai11 a priori buunds for (TE)f. To this end we prepare 

st•n·ral lemrna-.. U i.hen: is 110 dang:er of confusio11 we wri1.e for simplicity (-u,B) instead of (uL,Bi). 

Lf-'1111\lr\ 3.2 P\'la.xi11111m f>rinriple). ld. (11.0 , llt , Bo) E ei.~."1 111 X Bt~.2 /r X L2 /01· 7J > 5. Assume tlwl 

111lnu Bu ~ U. Then the solution 8 to (TE)f is non-negative almost everywher-e in Or. 

Prnuf. lt. follows from tl,e maximal regularity (2.1) for (3.1) that 

llullwi ' l!lrl $ C (iiuuł1 8;~:1,, + 1łuill 8;~:1,, + lifL {V· [G(0)H,,(t} + H,,(t)]} IIL,(!lr)) 

$ C(lluoll 8 ,-,1,, + lludl 8 ,-,,, + Lll1rl~) ,.,,, "•'' 

$ /\(L). 

Then taking p > 5, by Lemma 2.2 we have 

Tlierefore it. holds that 

for K, > I. Since sup,es IH,,(e)I $ M for K, $ 1, we conclude that 

Il 

(3.3) 

(3.4) 

(3.5) 



.,.:···: ·. ·· :_ .. 

for every K1 2: O. From now on throughout this section we śhall write A~ A(L). 

Multiplying (3.2) by O_ := min{B, O} and integrating over n, we have 

S'._dd { B:dx + k { /v'B_/ 2dx = { [B_BG"(B)B,H(EJ. + O_BG'(0)8,H(E) + vB_AEt : Et) dx 
2 t ln ln ln 

= 11 H(E)G2(0_)dx + 1 G2(B-)BtH(E)dx + 1 vO_AEt: E,dx, 

where G2(B) = B2G'(B)-G2(B) and C 2(0) = 2 J: sC'(s)ds. We have C2(0) = O and G\(y) = y2C"(y):: n 

fory$ O, because G" is the odd function such that G"(y) $ O fory 2: O. Then G2(Y) S O fory 2: O. 

Hence we have 

-1 H(e)G2(B_ )dx 2: O. 

lt follows from (1.1} that 

{ vO_ AE1 : ,,d.T S vn. ! 0_ /,,1 2d.T S O 
ln . 11 

Noting that G2(B) = ½C102 for OE [-0 I ,Bi), we have s11p,ER ic:l·' 11 $ C. Therefore we conclucle thai. 

{- { 2IG2(B_)/ Jn G2(B_)8,H(c)d,: S Jn /B-1 7o.:1218,H(c)/dx 

$ AIIB-111, . 

Consequently, we have 

1 (c.110-(t)lll, - 1 H(E)G,(B-)dx) SA (c.llB-(t}ll1, -1 H(c)G2(B_)dx) . 

Using the Gronwall inequality we obtain 

IIB-(t)lll, $ 1/0-(t)lll, -1 H(e)G2(0_)dx 

S AeA' (110-(0)lli, -1 H(e(O))G~(O_(O))dx) 

= o, 

which completes the proof. o 

Lemma 3.3, Let I > 2 be arbitrary integer. Assume that r $ 1. Then for any (uo, u,, Bo) E Bi;,21" x 

B~-:;,21• x L1 =: U1(1), the solution (u,O) to (TE)f satisfies 

ll0llq,,,, SA. 

12 



where A = A(T, ll(u1, u2, Bo)llu,(I)), Moreover, i/ (uo, u,, Bo) E U, (ex,), then we have 

whe,·e A = A(T, ll(u,, u2, Bo)llu,(oo)). 

Proof. Multiplying {3.2) by 01- 1 and integrating over n, we have 

T ~IIBt, + k(I - I) 101- 2 l'i.70l2dx = 1 (01G"(0)0,H(c) + 01G'(0)8,H(c)) dx 

+ 1 vo1- 1 Ac, : e,dx 

= !!_ { G1(0)H(e)dx + { G1(0)8,H(e)dx 
dt ln }r, 

+ v f 01- 1 Ae1 : t1d:1:, 
}r, 

wiu'n' G',(11) = ll1G'(II) -G,(11) and G,(O) = 1J;; .,1- 1C:'(.s)rls. Since 

IC,,·(,· - 1)01"- 1 SU 

ll'G"(O) = :''1'"(0) SO 

for O 2: 112, 

for OS 0,, 

we have c;(B) = 01G"(0) SO for 0 2: O and c;(o) = O. Thereby, we obtain 

G1(0) SO for 0 2: O. 

We put 

We note that O 2: 0 due to (3.8). Since sup,e[O,oo) IG'(s)I =: M < ex,, we have 

IG,(0)1 = /11• •'-'G'(s)ds/ S C01 

and 

/G,(0)/ s M01 + /G,(0)1 s C01• 

In view of (3.4) and {3.5) we obtain 

13 
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and 

fo 01- 1Aó,: ót $ Clló,IJL~(n)lf0ll~,~.(n) $ AIJB!l~-;fn>· 

Since f8,!10II~, = IIBll~-; 18dlBllu, it follows from (3.6) t~t• . 

d . < . 
dtll0IIL1(0) $ AIIBIIL'(O) + A 

:,; AIIBIIL1(n> + A. 

Thus by the Gronwall inequality we have 

(.19) 

Since 

$ 80 (1 + lMA/c,,)' 1'. 

we can obtain the first assertion. Here we note that the constant A in (3.9) is independent of I. Therefore 

taking a limit as I - oo we can obtain the second assertion. This completes the proof. o 

Lemma 3.4. Let T be arbitrarily fixed. Assume that r $ l. Then for any (uo, u,, Bo) E si,;2h• x 

B!-;,21• x H 1 =: U2 , the solution (u, 0) to (TE); satisfies 

IIBllw;•'(Or) SA, 

where A depends on T and !l(uo,u,,0o)llu,. 

Proof. By using Lemma 3.3 thanks to 00 E H 1 '-' L2 , we have 

(3.10) 

Since 0G"(0) SO from (3. 7) for I= 1, the following esthnate holds true 

j lnT 0z0G"(B)H(ó)dxdt $ o. (3.11) 

14 



Multiplying (3.2) by 0, and integrating over flr, we have 

Cvll0dll,(nT) + ~11v0111T-L' :5 ~1100111, + r r 0l0G"(0)H(,)dxdt + jr r 0,0G'(0)&,H(,)dxdt 
2 2 JJnT lnT 

+ 1·( v0,Ae,: ,,dxclt 
. ./nr 

:5 11/łollif, + /\ll0,IIL'(OTJll0lli-,l"L' ll&,H(,)IIL~(nT) + All0diLfL'll',lll~<nT) 

12 Cv 112 :5 ll0ol H' + 2 110, L'(OT) + /\, 

1.ha11ks to (3.4), (3.5), (3 .10) and (3.11). Therefore we arrive at 

1111,IIL'(Ori + ll'v0IIL;,'L' :5 /\(ll(uo,u, ,0o)llu,) . 

\1•x1 u11ilt.iplyi11g (:J.'2) by ,·,. -or7-~;:lH(!I and iutegrat.ing over O, we get 

1 ,i ., l k(:,11i' r c,,0 , 
2dlllvli(l)lli., + n,,._ BC"(ll)H(E)cl:r = - Jn c,. - IIG"(0)H(e) (0G (0)&,H(e) + vA,, : e,)d:1: 

c,. Sc,. - IJG"(B)H(,) Sc,,+ MI\, 

\\·li11n: Il ~ s11p11 2 .,(-HG 11 (HJ) = f\/ < ;-;,c . Tlie11 i111.cgrn1.i11g uver [0.t.J for I. :S: T, we conclude the <:'51.irnal.e 

Consequent)y we arrive at the desired result. o 

The same procedure as in l21, Lemma G.l] allows to conclude that 0 E C"•"l2 (flr) for some Holder 

exponent O< a< I depending on T, sup0 0o and ll0IIL~(nT)• The proof relies on the classical parabolic 

De Giorgi method. For more precise information of this method we refer to l14, Chapter Il, §7] and l15, 

Chapt.er VI, sl2I. Here we not.e i.hat , is Holder con!.inuous due to Lemma 2.2. 

Lemma 3.5 (l21, Lemma G.lj). Assume that k = supn /Jo < oo. Suppose that 

(3.12) 



holds for any s E {!, oo). Then 8 E C0 , 0 f 2 (nr) with 

Lemma 3.6. Assume that (3.12) holds. Thenfor any (1!0,u1,80) E U(p,q) and 5 < p,q < oo we have 

ll(u,8)llvrc•.•l = llullw,: ·'cnr> ;jjellw;-'cnr> $ A. 

where A depends on ll(uo, u1, 8o)llucr.ą) and T. 

Proof. We can construct a unique time local solution (u,B) E w:•2 (n:rJ x W,;'- 1 (n:rJ of (TE)} for sufli

ciently small f' < T, using the result of Clement and Li 171 (see also [27, Lemma 3.3.71). Then from I.he 

embedding we have 8 E C(IO, TJ x n). By combining this regularity result. with Lemma 3.Zi, we outain 

8 E ca,n/2 (10, TJ x n). 

For brevity of notation we denol.e Cv - BG"(8)H(,) by co(<,8), and IIG'(/1)8,H(e) + i,(.'lc,) · ,, h,· 

R(,, 8). Then the equation {1.3) can be rewritten as 

eo(co,80 )01 -t>8 = (co(c0 ,00 )- co(c,8))8, + R(E,8). 

By the assumptions we have 

IIR(,, 8)IIL•(Or) $ CIIBll1,~cnr)IIH.,(,)IIL~(nr)IIEdlL•(Or) + Cllc,lli,.,cnr) 

$ A. 

From the Holder continuity it follows that 

where K is the Holder constant independent of T1 • Here T1 «: T will be determined later. 

Next, we show that 1/eo(c, 8)(x, T2 ) is Holder continuous with respect to the space variable for T2 

lixed in {O, TJ. We remark that 

Q(y) := yG"(y) $ M 

IG 



.. 

and g E C1 is Lipschitz continuous. Then we have 

l..!._(x T,) _ .2._(x' T,), = I 9(0(x', T2))H(,(x', T2)) - 9(0(x, T2))H(,(x, T2)) I 
Co ' Co ' {cv - 9(0(x, T2))H(,(x, T2))}{c,, - 9(0(x', T2))H(,(x', T2))} 

S {!{9(0(x', T,))H(,(x': T2)) - 9(0(x, T2))H(,(x', T2))} 
Cv 

+ {9(0(x, T2))H(,(x', T2)) - 9(0(x, T2))H(,(x, T2))}J 

S -;-IH(,(x', T2))J JQ(O(x', T2)) - 9(0(x, T2))I 
CV 

+ {i9(0(x, T2))I IH(,(x', T2)) - H(,(x. T2))I 
c,, 

S Al(lx - , 11° + CM lx - 1·T 

$ Aix - x'l 0 , 

where /\ is independenL o[ T-,. Therefore [I/co(<. 0)1(1,, T,) is Holder continuous for any T2 E [O, TJ. 

\fonem·er. ,n, have si1p111.[l/c„(c.H)J ~ 1/(c,, + MA). These conditions assure that c.,(,(T,\.,,T,i)Ll. has 
l 

LIii' 111axi111al rl:'g11larit._v pruperl._v accurrling to (2.3). Henc.:e, taking T1 = ( 2A(KJJ.T)I<) ", we have 

IIHllw' 'tn . 1 SA(!(, M, T) (llco(Er,Jlo) - co(E, B)IIL~(ll,· 1110dlL••(!lr) + IIR(,, B)lli••t!lr I+ ll0oll 8 ,-,,,,n1) •I lr I I I 'l,'ł u 

which yields 

HerP wP remark t.hat. 

2-• 
thanks to the embedding Wi•' (nr,)<--> BUC([O, Ti], Bą,ą '') (see [4], [18]). Then similarly for the interval 

[T,, 2TiJ we have 

Repeating the same operation yields 

17 



, ; . -- -~ .. ;:' ,: 

Summing the ineąualities Crom k =Otok = m satisfyini\,ti -/i }f;' > T and mT, $ T, we conclude 1.hal. 

Next we estimate the norm /lu/lw,:·'(nr)" From Lem;a 2:2 :it follows that 

for ą > 5. Therefore, by virtue of the maxima! regularity (2.1), we have 

llullw,:·'cnrJ $ Cll(uo,u,,0)/lucv.ą) + llv' · (C(B)H,,(c))llu•(nr) + /lv' · H.,(,)llu-cnrJ 

$ A{/l{uo, u,, O)lluc,.4i), 

which completes the proof. 

o 

Proof of Theorem 3.1 (continuation). The assumption {L4) is satisfied thanks to Lemma 3.G and the 

estimate (3.3). Then the exist.ence of a solution t.o problem (TE)} result.s from Theorem 2.4. Noting 

that r L is Lipschitz continuous, we can obtain the uniąueness result by repeating the arguments of 122, 

Section 6]. We remark also that the assumption p $ q is-reąuired to show (Ll), see [21] . Thereby the 

proof of Theorem 3.1 is completed. 

o 

4 Proof of Theorem Ll '(E~istence) 

The idea of the proof consists in showing that the solution (uL,BL) to (TE)} constructed in Section 

3 satisfies also the original system (1.2)-(1.5) for sufliciently large truncation size L. To this purpose, 

assuming that there exists a suf!iciently smooth solution of problem {1.2)-(1.5) such that 8 2'. O, we derive 

for it a seąuence of a priori estimates which are independent of L. 

18 
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Lemma 4.1 (Energy Conservation Law). Assume that8 2': O a.e. in flr, K2 ::; ·6 and6r+K1 $ 6. Then 

for any t E [O, T) a smooth solution of (1.2)-(1.5) satisfies 

118(!)/IL•(n) + llu,(t)/IL•(n) + !IQu(t)/IL•(n) $ C(ll(uo,u1,80)/IH•xL'xL')- (4.1) 

Proof. Multiplying (1.2) by u, and integrating the resulting equation with respect to the space variable, 

we have 

~ G/ludll, + ;IIQulll, + 1 H(e)dx) + v 1 (Ae,): E,dx = -1 G(8)~H(,:)dx. 

lntegrating ( 1.3) over f!, we obtain 

,,,!!_j'Hd:r•= v {(A,:,),c,dcc+ { BG'(8)!!._H(,)dx+ { 0G"(8)8,H(,)dx. 
r/1 . ,, ./n ./n 81 ./n 

d (I , " 2 1 1- ) -1 ?/lu,/IL,+?/IQu/lL,+cv /Jdx+ H(E)dx 
rt. - - n n 

= l, (ec'(8)~H(,) + 8G"(8)8,H(c) - G(B)f H(,)) dx 

d1-= --d G(ll)H(,)dx, 
t n 

11·here C(H) = G'(H) - HG'(0). Consequently, 

~ G/lu,/11, + ;/IQu/11, + c.18dx + 1H(e)dx+10(8)H(e)dx) = O. 

Here we recall that 8 2': O and H(E) 2". O. By the structure of G(8) the function 0(8) is as follows: 

O(,·) = 1:(8) -8<p'(8) 

C2(l - r)8' 

jf 8 E IO, 0,), 

if 8 E [81,82), 

if8 E [82,00). 

According to Lemma 2.3 we have 0(8) 2': O. Consequently, it follows from (A)-(iii) that 

I , "· 2 I 2 " 2 {TF 2llu,(t)/IL, + 2llu(t)/IH, + Cv/18(t)IIL• $ zlluollH• + zlludiL• + c,,/18ollL' + ln In (co)ldx 

+ C,.Jfll + { [<p(8o) - 8o<p'(8o))H(Eo)dx + C2(l - r) { 8~H(Eo)dx, 
J{01"2_Ho'c.lJ1 }nO }{8u>82}nO 
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where Eo= E(uo), Since the smooth function cp(s) - scp'(s) is bounded fors E 101, 02), it follows that 

for 6r + [( 1 $ 6 and 

for K2 $ 6. Hence we conclude the assertion. o 

Lemma 4.2. let T be fixed. Assume that 0 c>: O a.e. in 11r and (1.6) ho/ds. Then Jor any (tto, u, li,.) E 

s::;:_,615 x B~:;s,IG/s x L2 = : U3 , the solution (u,0) to (1.2)-(1.5) sat,sfies 

(4.2) 

where A depends on T and [l(uo ,u1,0o)llu,. Moreover, 

(4.3) 

Proof. Remark that [l(uo,u1,0o)IIH'xL'xL' $ C[l(uo,u1,0o)llu, (see [I]). 

From the Gagliardo-Nirenberg inequality and Lemma 4.1 it follows that 

llcllL••(Or) $ C IJ1icllf,cn)ll0 llfv,:(n) IIL;r 

$ Cll0 llfrL•llcllt;·'cnrJ 
(4.4) 

~ CllullfrH' llcllt;·'(Or) 

ł ~ Cllcllw,:·•(nr) 
and 

(4.5) 
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lt. follows from (4.4) that 

IIH,,(c)IIL'"i'(Or) $ cII°11fr.-(~r) $ All 0 ll~(O ) $ -4111°llw•·· (Or)+ A 
10/t'., T lłl/6 

for !{2 E [l, 6), and 

J"or /,, E [O, I). 

We first. consider the case of K 1 ~ I. Applying the growth condition and the Young inequality, we 

ł1;1vc-• 

IIC(O)H,,(c)IIL',!'ln l $ IIOll~!in llcll":,-;!b-" + sup IC(O)lllcllK:~~,-'i 
T r) L .,- ,· (Or) IIE!0,/1'.!/ L ., (Or) 

for (ir + /,1 < 6 (and !(1 < G). From the maxima! regularity (2.2) it follows that 

ll;ll,1.·;,;,, 1111., $ C'll(uo, -u,, Bo)llu, + IIC(O)H.,(0 )11L"''l11r) + IIH,,(c)IIL"''(Or) 

$ Cll(uo,u,,Oo)llu, +A+ A(ll'vOlli•(nr) + IIOIIL,"L,)~ • 

Next, multiplying (1.3) by O and integrating over n, we have 

~ ~IIO(t)lli, + kll'vOlli, = 1n 02G"(O)O,H(c)dx + 1n 82G'(8)8,H(c)dx + V 1n O Ac, : ,.,dx 

= 1n c;(O)ll,H(c)dx + 1n G2 (0)8,H(c)dx + 2 fo 0 2 (0)8,H(c)dx 

+ V fn oA., : .,dx 

= ~ 1n G2 (0)H(c)dx + 2 fo G2(0)8,H(c)dx + v In llAo, : c,dx, 

where G2(0) and G2(0) are given in the proof of Lemma 3.2. Recall that 

C (O) = C2r(,· - I) er+t < O 
2 ,. + I - and for O ~ 02, 
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and 

sup IG2(B)I + sup IG2{0)1 =: M < oo. 
•efo,,,J •efo.,,J · 

Then we have 

- ( G2 (0)H(e)dx = - ( G2 (0)H(e)dx - ( G2 (0)H(e)dx 
Jn lnn(tJ?.82} Jnn{B1$.B582} 

~ -M 1, IH(e)ldx. 

Hence integrating (4.7) with respect to time variable, we obtain 

~IIBll1l"L' + kll'i7Bll1,,nr) S ~IIBolli_, + IIG2(0)8,H(c)IIL'(!lrl + vll0Ac,: c,lli•(Orl 

+ M sup ( IH(c(f))ldx + ( IG2(0n)H(cnlld:r . 
,efo .TJ ln ./n 

By (4.4), (4.5) and the assumptions we infer that 

and 

UBAe,: edlL'(!lr) S C/10lld(nr)lle,ll~'t"(nr) S J\(ll'i70IIL'(!lr) + IIB/IL;,'L,)llle,ll\,(nrl ' 

1, IH(e(t))ldx S Cllu(t)IIZl S J\ 

Consequently we arrive at 

IIBIIL;,'L' + llv'BIIŁ•tnr) SA(ll(Uo, u,,Bo)llu,) + A(llv'Oll1,•cnrJ + IIBll1,r1,,)!l!fll ll0 lltttnrJ 

+ A(llv'BIIL•(!lr) + IIBIIL;,'L,)¾ 11,,11~ 't"cnr) 

Substituting ( 4.6) into ( 4.8) yields 

IIBIIŁ;,'L' + llv'Blll,cnrJ SA(ll(uo,u1,Bo)llu,) 

(4.8) 

, , , ( . ~) ł+;,. 
+ A(llv'Bll1,•cnr) + IIBIIL;,'L,)!l!fll ll(uo, u,, Oo)llu, + llv'BIIL'cn/1 

+ A(llv'OIIL•(Or) + IIBlli;,L,)¾ (ll(uo,u,,Oo)llu, + llv'Bllt~•:~:•,') 
2

. 
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Here from the assumption 6r + K 1 < 6 it follows that 

3(,· +I)+~(~+ K 1 ) _ 30r + 3(6 - KJ) < 5(6 - KJ)+ 3(6 - KJ)= 2 
4 4(6 - KJ) 5 5 - 4(6 - KJ) 4(6 - KJ) ' 

3 30r 3 5 _ 2 
4 + 4(6 - KJ) < 4 + 4 - . 

Thus we conclude that 

Here we use p- to denote a number less than p. Hence, by the Young inequality, we have 

Suhs1.it.11ti11g the above iuequality int.o (4.6), we deduce also lhe following 

flcllw:,;,.1nr) S /\.(ll(un. "', Bo)llu, ). 

•~iex t. , we consider the case of O S !{1 S I and O S -,- < 5/6. In this case it follows that 

11-1.,(,)1 s c < :)O_ 

By an argument similar to the presented above we have 

llellw,',\lnr) S ll(uo,u1,O)llu, + flC(0)H,,(e)IIL"l'(Or) 

Sll(uo,u,,O)llu,+Cll011''t" +C sup G(/J) 
L (Or) DE (o,e,1 

Notiug that 

we obtain 

111:111;_,L, + 11110111,(nr) $ ll0oll1, + 110'"+18,H(e)IIL•(nr) + ll0A,,: edlL'(Or) 

+ M sup f IH(,(t))ldx + f IG2(0o)H(Eo)ldx 
1e(o.-r1 ln ln 

(4.9) 

$ /\.(ll(uo, u,, 0o)llu,) + AII/Jll~!J,(n l llullw••' (Or)+ CIIBIIL•t•(nTJ llull~,., en l 
T Ul/1' 10/15 T 

S /\.(ll(uo, u,, 0o)llu,) + /\.(11'10IIL'(Or) + ll0llqn' )3 (2r+l)/4 _ 
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Since 3(2r + 1)/4 < 2, we arrive at the desired estimate.'{4°2). · 

The estimate {4.3) follows with the help of the embeddings 

and of the inequality 

This completes the proof. o 

Lemma 4.3. Let T be any fixed. Assume that O 2: O a.e. in nr and (1.6) holds. Then Jor· rmy 

(uo, u,, Oo) EB!:} x B~:} x H 1 = U, the following estimnte holds 

where constant A depends on T and ll(uo,u,,Oo)llu,. Moreover, we have 

Proof. Rernark that U,'-" U:,. Using (4.3) we ha.ve 

(4.10) 

for r $ 5/6. Then from the maxima! regularity (2.2) it follows that 

llellw:·• :5 !l(uo,u1,0o)llu, + IIG(O)H,,(,)IIL• $ A. (4.11) 

Multiplying (1.3) by O, and integra_ting over nr, we get 

c,,II0,111•cnr) + ~ll'vOlllę-L' $ ~IIOoll1, + j' r OlOG"(O)H(,)dxdt + j' r o,OG'(0)8,H(e)dxdt . ~ kr 

+ j hr o;A,, : ,,dxdt 

$ ~/IOollk• + CIIO,IIL•(Or)IWH,,(,)IIL•lledlL• + CIIO,IIL•!le,111, 

k 2 
$ 2!10ollH• + A(ll(uo,u,,Oo)llu,JIIO,!IL•(nr) 

1 2 
$ A(ll(uo, u1, Oo)llu,) + 2118,IIL'(Or)• 
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where we applied (3.11), (4.10) and (4.11). Therefore we ;arrive at 

(4.12) 

Next multiplying (1.3) by c.-oG,~!)H(<) and integrating over f!, we obtain 

I d 2 r k1Ml2 r l:,,(J ' 
2 dtll'vB(t)llu + Jn Cv - 8G"(8)H(e/x $ Jn Cv - 8G"(8)H(E) (BG (8)8,H(E) + vAEt : Et) dx. 

Hen~ we recall that 

c. $ c. - BG"(B)H(c) $ c. + M /\, 

where O $ sup11 ~ 11(- IIC"(8)) - . M < "°· Then integrating the above inequality with respect to time 

varial,le, we condude that 

·) 2k ., ., k 2 
!lv'/1(1)11,., + c,. + /\M 1160111.,111,•J $ ll'vBoll,., + c., + /\M ł16Blli,1nr) 

c.,+/\A-1 G' "ff() 11 2 + --k---1111 ; (H)u, E + AE, : Et L'(Or) 

+ /\(AI)ll<,lli,,(llr) 

k 
$ /\ + 2(! + /\M) IIMllf,(nr) 

clue t.o (•1.10) and {4.11). Consequently we obtain the first assertion . 

With the help of Lemma 2.2, we also obtain estimate 

which completes the proof. o 

Lemma 4.4. Let T be arbitrary fixed and p E [20/9, 10/3) fixed. Assume that 8 ~ O a.e. in flr and 

(1.6) holds. Thenfor any (uo,ur,Bo) E B;,~2/P x B~-:;,21P x H 1 =: U5 {p), the solution (u,8) to (1.2)-(1.5) 

satisfies 

llullw,~ ·'1nr) $ /\, 

where /\ depends on T and ll(uo,u1,Bo)llu,(p)· 

2:; 



,;:,-~. 

Proof. Since the embedding s;,;f. '-' B},, holds for an;:~ ·- $ ·p: by ·the Lemma 4.3 we find that 

1/ 0 1/w:·•(nrJ + 1/01/w;•'(Ilr) $ A(ll(u,;'.u1,Bo)lls!:.'xs!:.'xH') 

$ J\(11( uo:. Ut, 00)/1 s!;.'"' X s;.;.''" X H' ). 

For any p $ -\/1 we have 

and 

IJ'il · (G(0)H,,(e))lb(Ilr) $ Al/'v0lli•"l'(Ilr) IIG'(0)lli-(nri11H., (E)lli-(nr) 

+ Al/01/l"'(Ilr) 11v,11L'"(nr)II H_,,(,)IIL-(Ilr) 

thanks to Lemmas 4.2 and 4.3. Then from the maxima.I regularity (2.1) it follows I.hat. 

llullw:·'(Ilr) $ Cll(uo,u1,0)l/u,(r) + C(ll'v · (G(0)H,,(E))IIL"(Ilr) + ll'v · H,,(,)IIL''(Ilr)) 

$A. 

This completes the proof. o 

Lemma 4.5. Let T be arbitrary fixed, I> 2 integer and p E (!, oo). Assume that 0 2:: O a.e. in rlr and 

(1.6) holds. Thenfor any (uo,u1,00) E s:;f;, 1013 x s;bJa,w;a x (L1nH1) =: Uo(l), the solution (u,0) to 

(1.2)-(1.5) satisfies 

whereA=A(T,1ł(uo,u1,Bo)l/u6(1Jl• Moreover, i/(Uo,u1,80) E Uo(oo) then 

where A= J\(T, 1/(Uo, u1, 0o)llu.(=J), and for (uo, u,, Bo) E (s;:;21• ns:;f;,1013 ) x (B!:;21• nB;bJ3,1013 ) x 

(L00 n H1 ) =: U7 (p) it holds 

1/ellw,'.•'(nr) $ A, 

where J\ = J\(T, ll(uo, ,,., , Bo)llu,(,,) ). 
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Proof. The same operation as in the proof of Lemma 3.3 yields 

2__'!_11011~, + k(I - !) f 01- 2Jv'0J2dx = f G1(0)8,H(c)dx + vf 01- 1 Ac,: c1dx. {4.13) 
l dt ln ln 

Here we recall that C1(0) = 01G'(0)-G1(0), G1(t) = IJ:~ 1- 1G'(s)ds and 

1/1 
0 = 0 (1 - LG,(0)H(c)) > 0. 

01 -
Cv 

Since IIH.,(c)IIL~lnr) =A< oo from (4.3), we have 

lln G1(8)8,H(e)dx/ S q0'- 1 IIL'(n)ll8IIL~(n)llc,IIL~cn)IIH.,(c)IIL~(n) 

S All011~~/n) l10IIH'(ll)llc, IIL~1n)• 

Therefore, we conclude from (•11:J) r.har. 

c,. ,1 . ' 1- 1 Cli 11 2 I I'-' ld/llHIIL'llli ". illl,,ll,.~1n1llllilH'1nillllllL'1n1 + · €1 L~1n) 101 L'IOI' 

(4.14) 

(4 . 15) 

Here 110te r.har. the equality D,IIHll\_,, 111 = 111011~~/0 /l,IIHIIL'ifl), and the Sobolev embedding and Lemma 

-L..t yiP.ld esl.ima.tes 

where A is independent of I. Thus, integrating (4.15) with respect to time variable gives 

IIBllqw S IIBollL• + Allcdlq.L~ ll011q.H' + AllcdlhL~ 

S A+ IIBollL• 

111 view of the inequality 00 S Bo (I+ IMA/cv)' 1', the desired result can be obtained. For the W,;• 1-norm 

uf , , we find that 

for r E (1 . oo), by virtue of the maxima! regularity (2.2). This completes the proof. o 

Using again Lemma 3.4, we can also prove the Holder continuity of 0. The Holder continuity of€ is 

assured on account of Lemma 2.2. Hence from Lemma 3.6 we can ohtain the bounds in higher Sobolev 
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norms, i.e. for 5 < p, q < oo 

(4.16) 

where A is independent of L. 

This a priori estimate says that if there exists a solution to problem (T E) 3 such that 0 2'. O then this 

solution satisfies estimate (4.16). Let us consider now problem (TE)!; from Section 3 assuming that the 

truncation size L is sufficiently large such that 

IV· [G(0)H,,(,:) + H,,(,)ll '.5 ii. 1<,+•- 1 + ii. 1<,- 1 « L. 

In this case we may regard rL as the identity operator because the interna! part of rL in (3.1) is srn><ller 

than L. Therefore the unique solution (uL,0L) to (TE)!; satisfies (4.16) for large L. In ot.her ll'Orrls. 

Vr(p,q)-norm bound for (ui,0il does not depend on L. Hence (ui,0i) sat.isfies also the original s_vs1.r•rn 

(TE)a. 

The positivity of 0 follows by the same argument as the proof of Lemma 3.1 in [22]. This cornplet.es 

the proof of Theorem I. I. 

5 Two-Dimensional Case 

In this section we consider the solvability of 2-D system (TE),. We prove the following theorem. 

Theorem 5.1. Fi:,; 4 < p S q < oo. Assume that minn 0o 2'. O, 11 > O and (A) with (1.7). Then 

for any T > O and (uo,u1,0o) E U(p,q), there ezists at least one so/ution (u,0) to (TE), satisfying 

(u, 9) E Vr(p, q). 

Moreover, if we assume minn 90 = e. > O then there exists a positive constant w such that 

e 2'. e.exp(-wt) 

Theorem 5.2. In addition to assumptions of Theorem 1.1, suppose that F(t:,9) E C4 (S2 xR+,JR). Then 

the solution (u,9) E Vr(p,q) to (TE), constructed above is unique. 
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Pmnf nf Theorem 5. 1. Wit.h the exception of a priori bounds the result follows by the same procedure 

as in the proof of 3-D case. Thus, it remains to check the bounds corresponding to Lemmas 4.1, 4.2 and 

4.3 under the assumption (A) with (1.7). 

Lemma 5.3 (Energy Conservation Law). Assume that "il 2'. O a.e. in fłr and (1.7) ho/ds. Then Jor any 

I E [O, T) the smooth solution of (T Eh satisfies 

/10(t)/IL'(!l) + /lu,(t)IIL'(!l) + /IQu(t)IIL'(!l) ~ C(ll(uo,u,,0o)/IH'xL'xL•). 

l', ·oof. The same operal.ion as in the proof of Lemma 4.1 yields 

-'--1
1 (~llu,11;_, + :IIQulli, + c,, ( 0dx + ( H(t)dx + ( G(0)H(t)dx) = o, 

( t 2 2 ln Jn ln 

11·lwn• C(IIJ = C:(11) - //(;'(//). Herc we rernll Lhat /J 2'. O, H(e) 2'. O and G(0) 2'. O. Consequently, it follows 

fro,n (.4)-(iii) that. 

I, ' ,.,. . , I ... , 
21111111i..;-c1 ,- 2il"·lli.. .;:-11'.! T c,,IIMIILTLI S: 2wuul!J-/:i + 2llu11łl,:1 + Cv!IBoilLI 

+ Io {IH(,o)I + IC(0o)H(,0 )1} dx + C,dfll, 

where Eo= t(uo). From the Sobolev embedding it holds that 

f1ir alij" ..,. ( f1, x ). Tlwu \VC l1ave 

for r < I and K 1 < oo, and 

for [( 2 < oo, This completes the proof. 

Io H(Eo)dx ~ 11,ullZ,\ 

~ ClluollZl 
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Lemma 5.4. Let T and p E [2, 4) be fixed. Assum{ti,;ii' (l. 7J ho/ds. Then Jor any (u0 , u 1 , 00 ) E 

B;,;2t• x s;,;21• x L2 =: U~(p), the solution (u, 0) to (TE), satis/ies 

(5.2) 

where A depends on T and 1/(uo, u,, Bo)llu;c,J· Moreove;;_ we have 

(5.3) 

Proof. We first show (5.2) for p such that p < 3. From the Sobolev inequality (5.1) and Lemma 5.3, it. 

follows that 

for every s < oo, and hence we obtain 

(,d) 

for any K,, K2 < oo. Moreover, by using the Holder inequality, we have 

110llv•(!lr) $ cl!11011~~21pll011i,~c,-,.,llu, $ q011~~2{r11011i{H• $ All011i{H• (5 .5) 
T 

for p E [2, 3). 

We fix p such that r + 2 < p < 3. From (5.4), (5.5) and the maxima! regularity (2.2) it. follows thai. 

llcllw;-'(!lr) $ Cl/(uo, u,, Bo)llu;(,;) + CI/G(0)H,,(o)I/L•(nr) + CIIH,,(o)I/L•(!lr) 

$A+ CIIBIIL•(nTJIIH,,(c)IILR(nT) + CIIH,,(0 )1/L•(nT) 

$A+ Al/01/~:fi,. 
T 

Next, the same operation as in the proof of Lemma 4.2 yields 

~1/01/ll"L' + kl/v'&l/1,(nT) $ ~ll0oll1, + I/G2(0)8.H(c)I/L•(nT) + vll0Ao,: od/L'(!lr) 

+ M sup { /H(c(t))/dx + { /G2 (00 )H(c0 )/dx. 
te(o,TJ lnr Jn 

By (5.4), (5.5) and (5.6) we have 
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for TJ> r + 2, 

1n IH(e(t))ldx S Cllu(tJIIZl SA 

and 

Conseą uenr.ly we arri ve al. 

2(2•·+1) 

IIHlli.? '-' + ll'villlf,{nri S A(ll("o,u,,/Jo)llu;{rll + Allilllq.;',, 

Siuc1! :2.,- + l < .,- + 2 < 71, hy usiug the Young ineąuality we have 

111111,.;, ,.' + ll'v/JIIL'111-,-1 S A(ll(uo,u,,ilo)llu;1,,1) (5.7) 

S11l1st.i1.111.ing (Zi.7) into (;j,G). w,, oht.ai11 (5.2) for p < 3. 

w,, shall show t.he rest o[ proof. Taking T' E [2, .J), by the same operation as (5.5) we have 

for 71 < 4 thanks to (5. 7). Then from (2.2) we conclude that 

SA. 

This completes the proof. o 

Lemma 5,5 , Let T beany fixed. Assume that (1.7) holds. Thenfor any (uo, u,, Oo) E B!;.2 x B~;i x H 1 = 

u; the following estimate ho/ds 

wher·e constant ,\ depends on T and ll(uo,u,,Oo)llu;- Moreover, we have 

fm· miy .-; < oo. 

Jl 



Proof. It follows from Lemma 5.4 and (2.2) that 

thanks to r < 1. The same operation as in the proof of [.,etilma 4.3 yields 

li 12 k 2 k 2 . , 
Cv 0, IL'(DT) + 2IIV0llqn•::; 2 ll0ollH• + Cll0tllL2(nT)ll0 H,,(<)IIL•(nT)ll<dlL•(nT) 

+ Cll0dlL•cnTJll<,111•mT> 

on account of {5.3) and {5.8). Therefore, we arrive at the estimate 

Moreover, applying .f.he same argument as in the proof of Lemma 4.3, we get. 

This completes the proof of the first assertion. With the help of Lemma 2.2 we obtain the second assertion. 

This completes the proof of Lemma 5.5. • 

From a modification similar to that presented in Section 4 we can derive the estimate 

ll(u,0)llvT(P,ą) = llullw:·'(nT) + ll0llw:••cnT)::; A. 

Hence the proof of Theorem 5.1 are completed. • 
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