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Abstract. The paper is concerned with initial-boundary value problem in two-dimen-
sional nonlinear thermoelasticity which arises as a mathematical model of shape memory
materials. The problem has the form of viscoelasticity system with capillarity coupled with
heat conduction equation with mechanical dissipation.

The corresponding elastic energy is a nonconvex multiple-well function of strain, with the
shape changing qualitatively with temperature. Under assumption on the growth of this
energy with respect to temperature we prove global in time existence and uniqueness of
solutions for large data. The existence proof is based on parabolic decomposition of the
elasticity system and application of the Leray-Schauder fixed point theorem. The main
part of the proof consists in deriving Holder a priori estimates by succesive improvement
of energy estimates.
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1. Introduction

The paper is concerned with the existence and uniqueness of global smooth solutions to
the initial-boundary value problem for the equations of two-dimensional (2 — D) nonlinear
thermoelasticity. The problem arises as a mathematical model of the dynamical behaviour
of the body made of shape memory material (see [8], [9]). If has the form of viscoelasticity
system with capillarity coupled with heat conduction equation with mechanical dissipation.

From physical point of view the characteristic feature of the model under consider-
aton is that it accounts for an internal, small scale structure of solid behaviour, namely
martensitic microstructure of shape memory material. This feature is due to description
by means of Ginzburg-Landau type free energy which introduces an energy penalty for the
production of interfacial surface area and thereby influences the microstructure behaviour.
In our case the energy penalty involves the first order strain gradient term which leads to
the fourth order term, usually referred to as capillarity, in elasticity system. From mathe-
matical point of view this term, in connection with mechanical viscosity, admits parabolic
decomposition of the elasticity system, and consequently application of the parabolic the-
ory in the existence proof. For mathematical reasons the analysis is restricted to 2 — D
case.

1.1. Problem
Wy — vQuq + ?Qzu =V Fe(e,0)+b in Q7 =Qx(0,T),

(1.1) "lt:o = uy, u¢|t___o =u, in €,

u=0, Qu=0 on ST =5 x(0,T),
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co(€,0)8; — koAO = OF ye(e,6) : €, + v(Ae,) : e, +¢g in QT,

(1.2) 8],y =60 in €,
n-V8=0 on ST,

where

(1.3) co(€,0) = ¢, — OF g4(€,0).

Here 2 C R™, n = 2, is a bounded domain with a smooth boundary S, representing the
material points of a solid body with constant density (p = 1).

The field w : QT — R? is the displacement and 8 : QT — R is the absolute temperature.
The second order tensors

e=¢€(u)= —;—(V'u. +(Vu)T) and e =e(u,) = %(Vu, + (Vu,)T)

denote respectively the linearized strain and the strain rate.
The fourth order tensor A = (A;jxi) represents the elasticity tensor given by

(1.4) e(u) — Ae(u) = Atre(u)I + 2pe(u),
where I = (§6;j) is the unit matrix and A, 4 are Lamé constants specified in assumption
g\/?fr)éover, Q stands for the second order differential operator of linearized elasticity defined
by
(1.5) u— Qu=V-(Ae(u)) = pAu+ (A + p)V(V - u).
Correspondingly, the operator Q% = QQ is given by

u — Q%u = pA(Qu) + (A + p)V(V - (Qu)).
The other quantities in (1.1), (1.2) have the following meaning: F(e,0) — the elastic en-
ergy, co(e,8) — the specific heat coeflicient, b, g — external body forces and heat sources,

¢y, ko, v, 5¢p — positive numbers representing respectively thermal specific heat, heat con-
ductivity, viscosity and interfacial energy coefficient.

1.2. Physical principles

System (1.1), (1.2) expresses balance laws of linear momentum and energy

(16) w-V.0=b,

(1.7) e+V-gq-—0o:e, =y,
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where o, ¢, q are the stress tensor, the internal energy and the energy flux.
The constitutive equations for o and ¢ correspond to the Ginzburg-Landau functional
with density given by

(1.8) Fy(e,Ve,8) = —c,8log b + F(e,0) + %Quﬁ

where the three terms represent respectively the thermal energy, the elastic energy and
so-called capillary energy of the transition layers between different phases.

Typically for phase transitions, the graph of F(e,f) is a multiple-well in € with the
shape changing qualitatively with temperature 6. The representative of F(e,6) is the
Falk-Konopka model (see references in [9]) in the form of sixth order polynomial in strain
components, generalizing the well-known 1 — D expression

1.9 F(e,0) = a1(0 — 6.)e? — aze® + azeb,
(1.9) (e,

where a; > 0 are constant parameters and 6. > 0 is a critical temperature.
The strain gradient term in (1.8) accounts for nonlocal spatial effects which are of impor-
tance accross interfaces between different phases where large spatial variations of strain

components appear.
The thermodynamically admissible constitutive equations for o and g which lead to (1.1),

(1.2), are given by (see [8], [9]):

oF,
(1.10) o="2>+0"  a=q+p,

where %’i;"- denotes the first variation of Fy with respect to e,

‘% = Foe(e,Ve,0) = V - Fyve(e, Ve, 0) = Fe(e,0) — 22 Ae(Qu),
o is the viscous stress by Hooke’s law

o’ = vAe,
qo is the heat flux by Fourier’s law

qo = —kove,

and p is a nonstationary flux associated with evolving nonzero-width phase interfaces,
given by
P Pt
p = —eFyve(e, Ve, 0) = —TosgA(VsA) - —Toe,(AQu),

According to thermodynamical relations, the internal energy e, the entropy 7 and the
specific heat coefficient cq are linked to the free energy Fy by

(1.11) e = Fy +0n, n = —Fp,



and
(1.12) co =€, =0ne=—0F 4.

In case of free energy (1.8) this yields expresion (1.3).
We recall also that model (1.1), (1.2) is thermodynamically consistent in the sense that
for solutions of (1.1), (1.2) the Clausius-Duhem inequality is satisfied (see [8]):

(Y _. . (2 1). g
(1.13) AV (9)‘5"(9)+V(0) Q+y2

IR

1.3. Motivation of the paper. Basic ideas

Problem (1.1), (1.2) represents a multidimensional analog of the well-known 1 — D
Falk’s model of phase transitions which has been the subject of intensive mathematical
studies, see e.g. references in the monograph of Brokate and Sprekels [1], also [11].

In 3— D case problem (1.1), (1.2) has been considered in [9] under structural simplification
of energy equation (1.2);. This simplification consisted in neglecting the nonlinear elastic
contribution —@F g¢(e, 0) in the specific heat coefficient by setting

co(e,0) = ¢, = const > 0.

The main motivation of the present work was to eliminate the above structural assumption.
For mathematical reasons related to imbeddings theorems we restrict here considerations
to 2 — D case.

Extension of results to 3 — D case requires different approach and will be addressed in
a separate paper.

The idea of the proof of existence of solutions in the present paper is similar to that in [9].
It is based on parabolic decomposition of (1.1); and the application of the Leray-Schauder
fixed point theorem. The elasticity system (1.1); admits the decomposition into the fol-
lowing two parabolic systems:

w,— fQw =V -Fe(e,0) +b in QT
(1.14) w|‘=0 =wu; — aQuy in §,

w=0 on ST,

u—aQu=w in QT,
(1.15) "Iz:o =u, in Q,

u=0 on ST,
where a, # are numbers satisfying

(1.16) a+f=v, aff = —.



Further on we assume the condition

(1.17) 0< /30 <v

which assures that o, f € Ry.
We point out that, similarly as in [9], we are unable to admit linear dependence of
F(e,0) on 6, but assuming the growth

|F(e,8)| < c(1+46°e|*) with 0<s< g, 0<a; < oo,

we can, on the contrary to [9], to consider the arising nonlinearity in energy equation. This
is possible thanks to proving Holder bounds for temperature which are necessary to apply
the classical parabolic theory. We point out also that in our case the conditon on s is less
restrictive than the corresponding s < 1 in [9].

1.4. Content of the paper

The assumptions and main theorems on existence and uniqueness of global in time
solutions to problem (1.1), (1.2) are stated in Section 2.
The proof of a priori bounds for solutions to (1.1), (1.2) is, for clarity, partitioned into the
distinct pieces contained in Sections 3 and 4.
Section 3 contains the proof of positivity of temperature, energy estimates and recursive
improvement of energy estimates by application of regularity theory of parabolic systems.
Section 4 completes derivation of a priori estimates. It contains the proof of the key lemma
providing in two-dimensional case Holder bounds on temperature. Moreover, it contains
additional a priori estimates obtained by application of theory of parabolic systems.
The proof of existence of solutions to (1.1), (1.2) is presented in Section 5. It consists in
constructing a solution map and checking the assumptions of the Leray-Schauder fixed
point theorem. The estimates derived in Section 3, 4 provide a priori bounds for a fixed
point of the solution map. The proof extends the arguments of [9] to the case of system
with non-constant coefficient co(e, 6).
In Section 6 we present the proof of uniqueness of solutions to problem (1.1), (1.2) which
re-establishes the arguments of [9].
In Appendix we collect the needed results on regularity of solutions to parabolic systems.

1.5. Notation

We denote
of
ot’

7] .
f,l'= a:l{,y z=17"'1n1 fl:

e =(e;), ,i=1,...,n,

€ = (€ij)i,j=1,...,ns

OF(e,0) <6F(e,9))
Fe(e,0) = = '
e(e,0) Be O¢i; )iz,
OF (e, 8
Foe,0)= 2859,



For simplicity, whenever there is no danger of confusion, we omit the arguments (¢, 8) of
function f(e,8). Also specification of tensor indices is omitted. Vector - and tensor-valued
mappings are denoted by bold letters.
The summation convention over repeated indices is_used and the following notation: for
vectors @ = (a;), @ = (&) and tensors B = (Bi;), B = (Bij), C = (Ciji), C = (Ciji) we
write . . . B

a-a=a;a;, B: B = B;;B;, C:C = CixCiji,

aB = (a;Bij), Ba =(Bija;j), aC = (a;Ciji),

Ca = (Cijrax), BC=(BijCij), CB=(CijtBji),

la| = (aiai)'/?, |Bl = (Bi;Bij)'?, IC] = (CijCije)'/?,
and analogously for higher order tensors.
V and V- denote the gradient and the divergence operators. For u(z) = (u;(x)),
V(V - u) = grad divu, Au denotes the component-wise Laplacian.
For the divergence of a tensor field e(z) = (&ij(x)) the convention of the contraction over
the last index is used, i.e.,

V- e(z) = (€ij,i(z))i=1,...n-

We use Sobolev spaces notation of [5].
Throughout the paper ¢ will denote a generic constant which, whenever not specified

differently, depends on the data of problem (1.1), (1.2) and on T*®, a € Ry.

2. Statement of results

2.1. Assumptions

Throughout the paper we make the following assumptions:
(A1) Domain © C R? with the boundary S of class C5. The C5-regularity is needed in
estimate (3.41).
(A2) Operator Q. The Lamé coefficients satisfy

u>0, nA+2u>0 (n=2).

This assures the following properties:
(1) Coercivity and boundedness of A, i.e.,

(2.1) cle|? < (Ae): e < e
where ¢ = 2min{\ + p, #}, ¢ = 2max{A + p, u};
(i1) Strong ellipticity of Q.
Thanks to this property and boundary condition u = 0 on S, the result of Necas (7]
applies
(2.2) lullwzin) < cllQullz,s)-
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(iii) Parabolicity in general (Solonnikov) sense of systems of type (1.14) (see [9], Sec. 7).
(A3) Elastic energy F(e,0) : S? x [0,00) — R is of class C*, where S? denotes the set of
symmetric second order tnesors in R?2. We assume that

F(e,0) = Fi(e,0) + Fy(¢)

with Fy, F satisfying:
(A3-1) Fi(e,-) is concave with respect to 0, i.e.,

Fy 06(€,0) <0 for (e,0) € 8% x[0,00),

such that Fj(e,") is linear in 8 over certain interval [0, 6,), #; = const > 0, ¥;(e,0) = 0;
for 8 > 6, and |e;j| > €3 = const > 0 (3, = 1,2), Fi(e,0) is a polynomial satisfying

|Fi(e,8)] < c+cble|*,

where ¢ is a positive constant and
P 0
0<s<s <§, 0<ay <o

(A3-2) 0 < Fy(e) for € € §?,
and for |e;j| > €1, Fi(€) is a polynomial satisfying

|Fa(e)] < c+cle]®® with 0 <a; < oo.
We note that (A3-1) implies the following bounds for the specific heat coefficient:

(2.3) 0<c, <cole,8) for (e,8) €S* x[0,00),

leo(€,0)| + lco,6(e, 0)| < cle|™,

2.4
(24) lco.e(e,8)] < cle|**™! for (e,6) € S* x [0,00)

with a constant ¢ depending on 6, and s.

Further, it follows from (A3-1) that
(2.5) Ey(e,0) = Fy(e,8) — 0F, 4(c,8) > 0 for (e,8) € S? x [0,00),

because

Ei(e,0) =0 and E;(e,0) = --0F) g4(c,0) > 0.
We note also that (A3-2) and (2.5) imply

(2.6) (Fi(e,6) — 0F, 4(,0)) + Fo(e) >0 for (e,6) € §? x [0,00),
what means that the elastic part of internal energy is nonnegative.
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(A4) Data. Source terms satisfy
be L(2T)nw»(2T), 4<p<oo,
g € Lq(QT)ﬂ whar), 4<g<oo, and ¢ >0 ae. in Q7.
Initial data satisfy
uo € W HP(Q)NWH(Q), w, € WEHP(Q) N WE(Q), 4<p< oo,
6 € qu_zl"(ﬂ) NWZ(Q), 4<g<oo, and 6, = nlgneo >0,
0,|t=0 € W3 (), where 8, is calculated from equation(1.2);.

Moreover, the initial data are supposed to satisfy compatibility conditions for the classical
solvability of parabolic problems.
Later on we make use of the following implications of (A4):

8 € CT*(Q) with 0<ap<1-— 3,

and
€0 = €e(up) € W:_Z/P(Q), 4 < p<oo,

so, by imbedding, € € C2*(2), 0 < af < 1 — :7.

2.2. Statement of the main theorems

Theorem 2.1. (Global existence) Let assumptions (A1)-(A4) be satisfied and the coeffi-
cients »q, v fulfil condition

0< 5 <.
Then for any T > 0 there exists a solution (u,8) to problem (1.1), (1.2) in the space
@71 V(e ={(w0);u e WpHQT), 6 WP(QT), 4<p<g< o)
such that
(28) lullwasary < e Mollwasgam < e,

with a constant ¢ depending on the data and on T*, a € R4. Moreover, there exists
a positive finite number w such that

(2.9) 6 > ,exp(—wt) in QT.

Theorem 2.2. (Uniqueness) Let the assumptions of Theorem 2.1 be satisfied and, in
addition, suppose that

(A5) F(e,8) : 8% x [0,00) is of class C* and g € Loo(Q7).
Then the solution (u, ) to problem (1.1), (1.2) is unique.

The proofs of Theorem 2.1 and 2.2 appear in Section 5 and 6.



3. A priori estimates

In this and next section we derive a priori estimates for solutions of problem (1.1),
(1.2).
Let us assume problem (1.1), (1.2) has a solution (u,0) € V(p,q) (see (2.7)). Our goal is
to obtain a priori estimates of the form

||u||w;-’(m) <e ||9||w:v‘(n7‘) <e

Such argumentation is related to finding a priori bounds for a fixed point of a solution map
in applying Leray-Schauder fixed point theorem (see Section 5). The idea of the proof of
a priori estimates consists in recursive improvement of energy estimates by using imbedding
theorems and regularity theory of parabolic systems.

Before establishing energy estimates we have to prove that the absolute temperature
is nonnegative. More precisely, for solutions in the class V(p, q) we prove that temperature
stays positive what is in accordance with the third law of thermodynamics.

Throughout we assume that (A1)-(A4) are satisfied.

Lemma 3.1. Let
6, = minfo(z) >0, ¢>0 in o,

and (u,0) € V(p,q) be a solution to problem (1.1), (1.2). Then there exists a positive finite
number w satisfying

(3.1) [9+ v(Aey) : e exp(wt) + [weo(e,8) + Foe(e,0) : €6, >0 in QF,

such that
6 > 6, exp(—wt) in Q7.

Proof. Introducing the new function
6= fexp(wt), w >0,
problem (1.2) takes the form

co(€,0)0; — koA — (weo(e,8) + g1)8 = (g + g2) exp(wt) in QT
(3.2) 0),_o = b0 in Q,

n-Vi=0 on S7,
where for simplicity we denoted
g1 = Foe(e,0): e, g2 =v(Aegy):€,20.
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Multiplying (3.2), by ( — 6.)_ = min{(6 — 6.), 0}, and integrating over § yields

d

1 = a ~ ;
5 /cozﬁ(ﬂ —60.)%dx + ko / V(8 - 6,)_|*dz — /(wco +91)(0 - 6,)% du
Q Q Q

= /[(9 + g2) exp(wt) + (weo + 91)6.](6 — 6.)_dz.
Q

Hence, we deduce that

DN =

%/co(é —6.)%dz + ko / V(8 - 6,)_|*d=
Q Q

= [0+ gy exp) + (wea + 92)6.1(6 - 6.)-ds
Q

(3.3)
+ %/[Co,g D€ + 2(weo +g1)](é —6,) dz
Q

1 _
+ 3 /00,09:(9 —0.)dr=hL + L+ I
Q

Now we note that, by imbeddings, (u,8) € V(p,q) implies that ,6 and e, are Holder
continuous in Q7.
Consequently, we can choose a positive finite number w such that (3.1) is satisfied. Then

I <0.
. Moreover, since the function
1
h(t) = Supgq C_[CD'E 1€+ 2((.060 + gl)]
0 .

is continuous in (0,T'), we have

L < %h(t)/co(é- 6,)% dz.
Q

Further, the integral I3 is estimated by
I < cllbdlle () ll(8 - 0.)-lIL,,.0) = Is,
where % - % = 1. Now, using interpolation inequality (see [2])
(8 = 8.)-IlL,, @) < 6" 7NIV(B = 62) Nl Loy + 67 N(8 = 6.) -l Loy

11



with parameters §, s satisfying conditions

it follows that

2 = 2 _ ~ .
Iy < 67 16ull o) IV = 02)- 17 ey + 67 *[16ell o lI(6 = 62)-117, 0
< 81lIV(6 = 6.)-I17 ) + 61 T 16ellT, ) lI(6 = 82)-11F, 0,
where :
61 =810l L (o)

is chosen sufficiently small, so §;-term can be absorbed by the left-hand side of (3.3).
Combining estimates on I, it follows from (3.3) that

d . i
Z /co(e —0,)%dz < (ciuo,nb,(m 4 h(t)) /c0(0 —6.)% dz.
! Q

Q

Consequently, since 0, € L,,(QT), h € Li(0,T), we conclude that

t
/co(é —0,)2dz < exp [/ (;C—II%IIL,(n) + h(t')) dt'l :
4 v

1]
. /00(50,90)(00 - 0.)2_(1:5 =0 for te (O,T)

Q

Hence, in view of ¢y > ¢, > 0, it follows that 6 > 6, in QT. This shows the assertion. 0
Now, using Lemma 3.1 and estimate (2.6), we establish physical integral estimates on
thermal, kinetic, elastic and capillary energy.
Lemma 3.2. Let
ug € WZ(Q), uy € Ly(Q), 6o € Ly (),
(Fi(€0,60) — 60 F1 6(€0,60)) + F2(€0) € L1(9),
be Ly, (07), geLy(QT).

Assume that § > 0 a.e. in QT and the energy bound (2.6) holds. Then a solution (u,6) of
(1.1), (1.2) satisfies the estimate

1
CollOll oo 0,750 (2)) + Z""lusz(o,T;L,(n))
o
+ I(Fi(e,0) — 0F1 6(€,0)) + F2(€)l| Loy (0,71, (22)) + 'g”QuIIL(o,T;L,m)) <c

12



with the constant c given by
1
¢ =cy|bollL, () + ;”mll%,(m + [[(Fi(€0,60) — 60 F1 6(€0,60)) + Fa(eo)ll1, ()

o
+ §||Q“0“%2(m +18l1Z, . cary + N9llL.ar)-

Proof. Multiplying (1.1); by u,, integrating over Q and using the identities
(3.5)

—v [(Quy) - ude =v | (Aey) : e4da,
/ /
P (i) d

?Q/(Q%).u,dx = if“ﬂ/(Qu)-(Qu.)drc = ?E/IQulzd%
Q Q

/(V -Fe(e,0))  udz = — /Re(e,ﬂ) tedr = —% /Fz(s)d:c — /F]_E(E,o) : g,dz,
Q Q Q Q
we get

d 1

Ei_/ I:Elu‘P + %lQull’ + FZ(E)] dz + u/(AE,) :gda
(3.6) “ ¢
= —/F]'E(E,e) tg4dx + /b - uudz.

Q Q

Integrating (1.2), over € and using boundary condition (1.2); gives
(3.7) /(c., — 0F; 6(¢,0))0,dz = /GEae(s,G) tedz + V/(As,) tedr + /gd:a
Q Q Q Q
Recalling (2.5) we have
—8F g9(e,0) = E1,4(e,0) = (Fi(e,0) — 0F; 4(€,9)),0,
so that the integral on the left-hand side of (3.7) can be rearranged as follows

/(c,, — 0F g9(,0))0,dx = %/(c.ﬂ + Ey(e,6))dx — /El'g(s,ﬂ) : eyda
Q Q Q

= -}t/(c.,a + E,(e,0))dz — /Fl_e(s,G) :edz + /GFl_gs(s,O) : eydz.
Q Q Q

(3.8)

Using (3.8) in (3.7) and next adding the result to (3.6) gives the identity

d 1
(3.9) E/ [c,,& + §|ul|2 + (Ei(e,0) + Fa(e)) + 58£|Qu|2] dz = /gd:v -+ /b cude.
Q Q Q

13



Now, integrating (3.9) over [0,¢], 0 < ¢t < T, and using the estimate

. 172, 1/2
//b cupdrdt'| < ess supyc,io, /Iu,:|2d.1= / /|b|2d.1' dt'
(3.10) b @ 2 s \&
1 2
< i supg<p<ellte llpz(a) + ”b”%,,,(nf)
we arrive at the assertion. (]

By property (2.2) of the operator Q it follows from (3.4) that

(3.11) lell o0, mw2c0)) < €
Consequently,

(3.12) el Laato, i) < o

so, by imbedding,

(3.13) el miLo) <6 1<0 <co

Now, using regularity properties of parabolic systems, we obtain additional estimates for
€ and 6.

Assuming
Fe(e,6) € Ly(QT), be Ly(QT), uoe W /7(Q),

Q(u; — aQuop) € Ly(R), 1< p< oo,
with the help of Lemmas A2 and A3 (see Appendix), it follows
||5||w,?-‘(nT) < C"“IIW:-"‘/’(QT)
(8.14) < C(”w"w;.n/z(nr) + ||uo"W:—z/y(m)
< C(H-F,S(Evo)"l},.(ﬂ"') + "b"L,(ﬂT) + ”ul - aQuO”wp’"/F(Q) + ”u(‘”w:‘”"(n))'
Moreover, recalling assumption (A3-1) and bounds (3.13), we estimate
1
P

IFe(e, Oz, <c |1+ [67leP@Vazdt+ [ fepierDazas
QT QT

7y 77
<c|l+ /ep’*‘dzdt /|e|"(°l—‘>*=dxdt
T T
P
<ecli4 / 07 dudt < e(1+ 16113, ary),
>
where 1 I ,
S
—+—=1 d A== .
N + W an 1 3’ s< 8

Next, using estimate (3.4) and (3.14) we prove

14



Lemma 3.3. Suppose that 0 < s < s' < 7/8,

uw € W), Qui-aQuo) € Ly(®), b€ Ly(®),
8o

G(e0,80) = —0; Fy,6(€0,60) + 260 Fi(€0,60) — '2/F1(eo,£)d£ € Li(R),
0

be Ly(Q"), geLyQ")

Then there exists a constant ¢ = ¢(T) depending on the data and T*, a € R such that

(3.15) 101l Lo 0,7;L202)) + IVOlL, 27y < €.

Proof. Multiplying (1.2); by 6 and integrating over §2 yields

S [Fde— [E P00z~ [ Fiae(e,0) s euda ko [ 98P0
Q Q Q

(3.16) @

= V/G(As,) i gda + /ngz.
Q

Q

We introduce the function
(3.17) G(e,0) = —6°F, 4(¢,0) + 20F;(¢,0) — 2F (¢, 6),

where

]
Fi(e.6) = / Fi(e, €)de.
0

We see that G(e,8) is the primitive of —62 Fy g¢(€,6) with respect to 8 such that
G(e,0) =0 and G g(e,8) = —6%F; g4(¢,6) > 0.

Therefore
(3.18) G(e,6) >0 for all (e,8) € S% x [0,0).
From (3.17) it follows that
(3.19) G e(e,0) = —6%F, pe(e,0) + 20F, e(e,0) — 2F ¢(e, 0).
In view of (3.17) and (3.19), (3.16) takes on the form
cy d

d
—— 2 = 2
: dt/a dx+dt/G(s,0)dz+ko/|V9] dx
Q Q Q

:v/ﬁ(As,):s,dx+'2/(0F1.5(s,0)—F.,g(e,ﬂ)):slda:+/0gda:.
Q Q Q

(3.20)
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Integrating (3.20) with respect to time and using (3.18) we obtain

X?= %"/azdx + k.,/|ve|2dmdt'
Q ¢

(3.21) < U/9(A5u) :epdadt’ + 2/(0F1,5(€,0) — By g(€,0)) : epdadt’
Ot ot
+/0gd$dt' + %/Ogdm +/G(eo,90)dz, 0<t<T.
Q Q Q

We proceed now to estimate the terms on the right-hand side of (3.21). To this end note
that by the imbedding of the space Loo(0, T; L2(22)) N L2(0, T; W (Q)) in Ly(27T) we have

ellBllz.amy < X.

Hence, the first term on the right-hand side of (3.21) can be estimated as follows

V/"’(Aet') s epdzdt’ < ‘3"0"L4(ﬂ")|”5t|2"L§(QT) = Cllellmnf)ﬂftlligmr) ="

To find bounds on ]|s,|[1;5(91) we use (3.14). We have

_:_
IIEs(s,")IILg(m) <c|l+4 (W/ B%dzdt) =1.
T

 Further, using interpolation inequality and estimate (3.4) it follows that

T 2 T 3
L< o dt] < VO o) 0 e ) ae
1Scte " ||L.£i(n) Scte I "L,(n) I ”L‘(n) +1l ”L,(Q)
0
: :
&'y ——1
<e(T)+¢ (/ ||V0||hm')dt) =c¢(T)+c (/ IVl q) @ ) =1,

where 9, satisfies condition

2 2 3
s—=(1——19]) +I91(—-1> SO 191=1—@.

Now we set



where v, is a positive number determined below.
To make I, well-defined we need

3
71 >0, thatis s’ > 3

Therefore, in case s' < % we have to modify s’ according to the following change in

estimation of I;:
T 3
L < /|o__06 1%t
1<c+c ,
J Vo L@
3
8

a(l+a)
o || i, )
Omm | )

where ¢ is any positive number, and 8p,;, = 6, exp(—wT) (see Lemma 3.1). Consequently,

tti
setting o = (14 0)

it can be always assured that s" > %, so vy > 0.
Then

_'1_‘ %‘h
L=oT)+ec / VI gyt
Next, using the estimate
T T \% /T %17
A
/ VoIt | < [( [at] ( [uvenziaa
0 0
T K r }
<7 ( [ivoitad ) | =1 [ oo )
0 0
where , ) 1
7
/\1 + ,\2 la T1A2 2) so Al 2
we obtain R
L < oT) (1+1IV8lligr))
Consequently,

3
IFe(e,0llsgam < o(T) (1 + 19013 Kar))

17



3
(3.22) ||s||w§,.m,, <oT) (1+ ||ve||;]('m,) .
Hence,
2y 'd e 3
Yi S Dlllegeny (1+ 1V ) < (DXL + X E),

We assume the condition

3
14 Z’Y} <2,
implying
<é so s< '<§ é+l I
=g *<8\3 —F
Then, by Young’s inequality, it follows that
Vi <eaX?+ c(e)e(T).
Therefore, for a sufficiently small €, , the term £, X? can be absorbed by the left-hand side

of (3.21).
The second integral on the right-hand side of (3.21) is estimated by

2/(017'1_5(5,0) - f‘l,e(s,G)) s epdzdt’ < c/(l + 01+’|s|“‘_1)|5¢|d1dt

Q or
: ;
<c /|e.|%dzdt) ~(1/(1+01+’|e|““1)%dxdt)
T T
e oy
< elledlz o) |(T) + (v/ e%<1+’>*-dzdt) ("/ |s|%<“l*"*=dxdt)
2 o » o

1
+

i
< C”€t||ll§(nr) oT) + (n/ 9%(l+"l)dzdt) =Y,
T

where
1 1 s'+1
—+—=1 and )\ = s’
/\1+)\2 1 an 1 S 1 s< s

18



Again, with the help of interpolation inequality, it follows that

§,'+1 %
S(14s") . (1+s) :
[o d.uu) (/n l|L§(|+l,,(n)> re
T

s
T 3
8(1+s")0 8(143')(1—937) 8(14s")
e / (”VGHZ;(Q) K ”0“1’:,(52) 4+ ||0||zlm) )dt) +c
0

T 3 T H
<e(T)+ec (/ ||v9||;‘;g;"’*dt) =c(T)+c (/ ||v9||;((‘;;;’ ’dt) = I,
0 0

where 9, satisfies the condition

5

2 2 2
)-(1—192)T+192(§—1), S0 192=1——8-('H—SI)

%(l + s

Now we set 8
'5(1 + 5,) -1= 72,

where 7, is a positive number determined below. Then, similarly as for the term I, we
obtain

L Re

I = o(T) +c / IV g <o) (14 IV61E i) -

Consequently, using (3.22), it follows that

Y < ofT) (14 IV013 i) ) (14 190115 r))
< o(T)(1 + X8n)(1 + X&),

Now we assume the condition 5
- =72 < 2
871 + 872 )

3(8, 5(8,
8(33 —1>+8(5(1+s)—1><2,

Yz <eaX? + c(e2)e(T),

equivalent to

that is, s’ < 1. Then

so, for sufficiently small €5, the term €, X2 can be absorbed by the left-hand side of (3.21).

19



Finally, the third integral on the right-hand side of (3.21) is bounded by

/ng:cdt’ <16l 2y (ary - ”9”L§(nT) <eX?4+ c(Ea)“.‘]”%ng),
Ql

so again, with a sufficiently small €3, the term €3 X? can be absorbed by the left-hand side
of (3.21).
In this way it follows from (3.21) that

X% < (T),
that is estimate (3.15). ]
Now, in view of the bound
(323) ||0“L4(QT) <egc,

it follows from (3.14) that

lellwz1@ry < €1+ IFe(e, 0)llz, ar))
Sco(L+1611Z,,, @) < e(1+ ol ry) <c

forp<4~$=¥,so

(3.24) lellwz1qry < e

‘By imbedding, € is Holder continuous in 7 and

(3.25) llellgariersa@ry <€, 0<en <1

We note that, thanks to (3.25), the bounds (2.4) imply

(3.26) lco(€,0)|, lcoe(e,0)], lcoo(e,8)] <c in QT.

We continue to prove additional estimates for temperature.

Lemma 3.4. Suppase that g € Ly(QT), V8, € L2(R), (3.25) holds, and
lledlz,ary + 116l L, ary < c
Then there exists ¢ > 0 such that

(3.27) 10l ,cary + 10Nl Loy 0,702 (02)) < €

20



Proof. Multiplying (1.2); by 6, and integating over ! yields

cu/ﬂf,dl'dt' -+ Z—O/ZZ—,/W()P@W
Q

Qt 0
(3.28) < /|9F‘_gs(s,0)||e,.||0,.|d:vdt’+E/|s,,|2|9,,|dxdt’
Qt Q¢

+/|g||9¢,|d.rdt’ =R
Ql

Using Young and Holder inequalities the right-hand side of (3.28) is estimated by

R< 5/03,d:cdt' +¢(8) L/ 6%°|e|2dzdt’ + / lew | dedt! +/|g|2dzdt'}
Qt t nl ot
< [ Bhdaat + OB, r ledam + led am + 9l qar)
Qt
< 6/9,2,dxdt' + ¢(9).
nl
Hence, choosing § sufficiently small, it follows from (3.28) that

[16cll 2,27y 4+ IVl Low o, 75L2(02)) S €

what together with (3.15) shows the assertion. O
" By imbedding, it follows from (3.27) that

(3.29) 10l Les 0, 7L 2)) S €, 1< 0 <o00.

Now, with the help of estimates obtained so far, we can apply the classical parabolic theory
[5] to the temperature equation (1.2); written in the form

(3.30) o0y — koAO = OF gg(e,0)8; + OF g (e,0) : €, + v(Aey): e +g in QT
Recalling (3.24)-(3.27), (3.29), we have

||6F g6(e,0)8; + OF oe(e,0) : €, + v(Ae, : Et)”Lz(QT)

1/2
S Cc (;/(0;2 +02s|51|2 + IE;l“)d&Ldt)
T

< C(”gt“l,,(n"') + ||9||'ﬁ,(n'l‘) + “€t||§:4(nT)) <ec
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Therefore, supposing g € Lo(27), 6y € W) (), as well as the compatibility conditions, the
classical parabolic theory yields

(3.31) ”€||W;.x(91-) <ec.

This implies that

(332) ”Ve”w,‘-‘”(m) S c,

so, by imbedding,

(333) ||V0||L,(Qr) S c, 1<o S 4.

We proceed now to improve estimates for u.
In view of (3.25) and (3.29) we have

1/p

(3.34) |IFe(e,bllp,ar) < ¢ |1+ esssupeo,1) /Op’dx <c¢ for 1<p<oo.
2
Hence, with the help of (3.14) it follows that
(3.35) HEHW,’"(Q") <e¢ l<p<oo.
Consequently,
(3-36) IVellwrizgry S e, 1<p<oo,
| so, by imbedding, in case 4 < p < oo,

(3.37) IVellp,ary < ¢, 1< 0o <oo,
and
(3.38) [Vellganazzigry S e 0<az <1

In view of the above estimates we can prove now

Lemma 3.5. Suppose bounds (3.24)-(3.26), (3.29), (3.31)-(3.33) and (3.38) are satisfied.
Then
V. Fe(e,0) € W;/%(QT)

and there exists a constant ¢ > 0 such that
(339) ”V'F'E(E‘o)llw;,l/z(ar) S(J.
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Proof. In view of the equality
(3.40) V. Fe(e,0) = Fee(e,0)Ve + Fey(e,60)V0,
using (3.25), (3.29), (3.33), (3.38), we estimate

IV - Fe(e,0)llL,ar)

1/2
< C[ /(02s|5|2(a1—2)lvsl2 + |€I2(az—2)|vsl2 + 02(3_1”512(“'_l)lvalz)d.’l:dt]
QT
< e(llbllz,@ry + 1VOlLyar)) < e

Similarly,

IV(V - (Fe(e.Olsam < e[ [(Fece(e, 00 IVl + Feeo(e,OF Vel VO
QT

1/2
+|Fee(e,0)*|V?e|* + |Feon(e, 0)]*|VO|* + IEeo(s,(’)l?IVzGIz)dxdt]

1/2
<c+ c[ / (6% + | VO] + 62 |V2e[? + |V2e|? + |VO]* + |V20|2dxdt]
or
< e+ <(8llL,, @r) + IVOllz,r) + 1611, @) + V%€l o)
+|V2%ll 2,0y + IVOIIZ,@r) + 1V?6llL,0m)) < ¢,

where we have used estimates (3.24)-(3.26), (3.29), (3.31), (3.33) and (3.38). Hence,
IV - Fe(e,0)llL,0,mwiay < c.

Now we show that V- Fe € Lo(%; WZI/Z(O, T)). To this end we have to estimate the
integrals

i

1/2
|9s(t)ea.-2(t)Ve(t?t__at:f::)ea‘-2(t:)ve(t')|2 dt'dtdz)

+

1/2
az—2 _ ea2—2(y |2
e OVe() e ()9l dt,dtdl_)

+

It =2

/
[/

1/2
|6~ (£)e™ = () V6(t) — 0"‘(t')e“'“(t')V"(")Vdudtdx>

5Ty Tty O —
+ O ~—5 ~—x

Il + 13)
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where for simplicity we have restricted considerations to the maximal growth of F(e,#8).
and 6 > 6y, €;; > e (4,7 = 1,2). In other cases the arguments are similar. We have

<
'/

L

where £ € (t,#'). Recalling (3.25), (3.38), we see that

Il <ec (///Io’ ' lg(t) f:(|tz)|2dt Bdds )1/2

1/2

T T
((///wm %Wﬂmm)’
Q 0 0

where 8 = (%). Since, in view of (3.31), 6 € W;’I/Z(QT), it follows that I} < c.
Further, in view of (3.25), (3.29) and (3.38), using Hélder inequality, we have

k< (//T/T"(t) N 4y gea )1“
Cc t'lq X

00
- ([ ]_ "
e(t) — ()l ,
S Csupz,t t ' — ¢ |o (/// lt tl'q(l a) Ty dtd:l?) = 6
00

where ¢ > 2, ¢(1 — ) < 1. Similarly,

16°(t) — 6°(")

1/2
—tp? e u'_2(t)|2|VE(t)|2dt’dtd;,;>

|t

1/2

~—
T Tty o—

T

[T

T 1/2
/IUHV“WWEQ{%LWQ|mm@)
0

T
/ =
0

_ |2
|(wuﬂzuwﬁﬂﬂ—ﬁﬁlwwa) =L+ D41,

I} <c and L <ec.
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It remains to estimate the integral

1/2
83— l 5 — I 2|aay—1 2 2
(0 = HOPIVOP dr)

1/2
s—1 2| .a;—1 _ eay—1 2 2
61 (t') e S) & (@)PIve)l dt,dtdx)

T
s—1(41\|2|~ay—1[21)|2 _ |2
\ / [P IO - VR 3
[t =t
Q 0

1/2
a2 2
LORLGLO dz)

1/2

1/2

_ 1|2 2
It —t]2

T T ) 1/2
- Vé
: ( [ ] [ s dtrdtdx) _neBen
00

where, in view of (3.32),
Ig <ec.

Further,

T T , 1/2
e(t) —e(t Vé(t
I? < csup, ,,l ) tt’.:|(°’ ) (/// |t| tl(lz)lzndt'dtdz) <eg
00

because a can be chosen such that 2 — 2a < 1. Finally,

e[ o arns) " ([ ] 20 )

00 0

where py + pa = 1. Assuming that 4y, < 1 and recalling (3.33), we see that the second
factor is bounded. Then p; > %, so the first factor equals to

1/4
act) — 6t ,,
(/ [ [ rouor dtdtdz) |

00



with some arbitrary small § > 0.

Now note that (3.31) implies 8 € VV:'“/Z(QT) with oa < 4. Hence, choosing 0 = 4 and
a < 1 such that 1 + oa > 3 + 6, we see that the above integral is bounded. This shows

”V . F.E(Eag)”l,z(g;w;/’(o”[‘)) <ec

and theoreby completes the proof. 0
Now, in view of (3.39), supposing

w € WA(Q), w —aQuo € WE(Q), bew,'/*@T),
with the help of Lenima A3 we infer that

(3.41)
|l€||w;-’(ar) < c“u”w;»‘/’(QT)

< (llwllyssr2qry + luollwac)
SV - Fe(e,0)llyprzqry + Ibllyrirzgry + llur = aQuollwz(a) + lluollwpe)) < c

The latter estimate implies

Ilve”wzs,s/z(nT) S c,

(3.42) llslllw;"(nT) <g

"VE(”W;,l/z(QT) S C.
‘'Hence, by imbeddings,

lleellz, @ry < e, 1<0<oo,

3.43

B ledllzatomis, @y < cledlwzian S e 1< <oo,
and

(344) "VEg"L’(QT) S c, 1<o S 4.

4. Additional a priori estimates

With the help of estimates (3.25)—(3.27), (3.38), (3.41)-(3.44) we prove now the key
lemma which in two-dimensional case implies Holder continuity of temperature.
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Lemma 4.1. Assume that

le| + |Ve| + |ce(e,0)] + |cop(e, 0] < ¢ in QT

lletltwo,miL0 () + el ar) + IVEdl,om) S e, 1< 0 < oo,
10ellcary + 181l Lo 0, 7w c0)) < €

Vg€ Ly(Q7), g€ Ly(Q7), be L, (Q7),

ug € W2A27(Q, w, e W2H?(Q), 1< o< oo,

Ol € WI(Q), 8,_, € W3 ()

Then there exists ¢ > 0 such that

(4.1) 1261l Lo (0,7:22(0)) + IVO| Lo 0,7:2200)) + W02t o7y + Vel po(ar) <,

Proof. For simplicity we denote the right-hand side of (1.2); by
(4.2) f=6F¢e(e,0): e+ v(Aey):er+g.

Differentiating (1.2); with respect to ¢, multiplying the result by 6;, and integrating over
Q yields
2 ko d 2
Coeud.’l) + ?E |V6h[ dz = (—00’101 + fg)gudx
Q Q

@

S&/H%tdz«}-c(&)[/ |co'g|29‘,‘dz—{;/Ico,g|2|st|20?dx+/|f¢|2dx].
Q Q Q

Q

Hence, with the help of bounds on cg,g, co,e and €, it follows that

p ,

(4.3) N6eell (0 + ;E“Vﬂ”i,(m < e[l g0y + el 0y + 1)-

We proceed now to examine the right-hand side of (4.3). Using the interpolation inequality
9 -9

(4.4) 1Bulzacay < clIVOZ: oy 181523, + clBll e,

with 9, determined by the condition

2 2 2 1
12(1—191)5—{-’01(5—1), SO ‘0[25,
the first term on the right-hand side of (4.3) is estimated by
(4.5) 16:l1Z 0y < llVOllT 00y - 10el17 50y + cllOellT ()
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To examine the second term on the right-hand side of (4.3) we rearrange f; as follows

fe="0Fge : €1+ 0i(Fe : €1) + 0(Feces) : € + 0(Foe : €)0, + 2v(Aey) € + g4
=€y :(0Fgc +2vAe,) + 6,(Foe +60Fg0c): €0 + s
where we separated the highest order terms involving €, and 6;, and denoted the remaining

by :
fi = 0(Foeeer) : €1 + g

Then, it follows that
illaior < ¢ [ 10 aePleulds +c [ leileulds
Q Q
Foel® + |0F goe|*)|e]?|0:|%d f2da
(45) t¢ [(Foel +10Faue)le 16 de + ¢ [ fda
Q Q
< C[IWH%;(Q)"E“”%,(Q) + ||€t||:1’:4(n)||ot ||i4(n)
+ et el + 1 FllZ, )
Further, utilizing (4.4) and the estimate
(4.7) 161132, @y < c(ll6llE., oy + 1) < e(lIV?61lZ, () + 16117, () + 1),

we infer

£l < V203, @ llellt @) + (1617, 0y + Dllewllz, o)

(4.8) )
+ Nvat“%,(n)”‘it"i.‘(m + ||0t“i,(n)||5t"%,(n) + ||€t||im(n)||5H”%,m) + ||ft||i,(n)]-

Consequently, using (4.5) and (4.8) in (4.3) we arrive at
(4.9)

d
16:ell7, 0y + Ellvatlliz(n)
< c|IVOellZ, ) (I16el 2,y + el Zacay) + 1V2011%, @y leeelZ ey + 16elZ, ()
+ (16117, 0y + Dlleellz,qy + 116 ||%,(n)||€t||%4(n) +lledli @ llealz @) + Il ,0) + 1]‘

Now, we multiply (1.2); by —A6, and integrate over § to get

/c0|vo,|2d1 + k—u—d—/|A0|2d1 = /0¢Vco V6,dx +/Vf V6,dx
Q

(4.10)
& 5/|V9,|2dz+c(5) /|vco|293dx+/|vﬂ2dx
Q Q Q
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Hence, recalling the bounds on cg e, cg 9 and Ve, it follows that
d .
(4.11) /|V0¢|2d.r + £/|A0|2d.r. < c/|V0|2€fd.1: +c/0,2a'm +C/IVf|2(i‘L'.
Q Q Q Q Q
The first term on the right-hand side of (4.11) is handled as follows
[1vereds < V01, oy 10 e
Q

< eIVl Lo @) 1Vl Lo () + V011G 5c0y) - (IVOellmoqy 162l Loy + 16211705

where we have used Holder inequality and interpolation inequality (4.4). Consequently,
(4.11) leads to

1700030 + 1001, oy

< C[("Vze"h(n)||V9”Lz(n) +1V6l13,a)) - (IVOellzo ) 16l Logay + 16ell 7, 0))
(412) 4+ 161170y + IV AT 0

< C[("Vze"%,(n) + ||V0t||%,(n)) : (||V0“3;,(n) + ||9t"§,,(n))

+ (IVOIIZ ) + DIOIT, ) + IV FNIZ 00y |-

Now we add (4.9) and (4.12) to obtain
(4.13)

16cell? ) + 1V6:ll T c0) + %(IIMH’L,m) +IV6u|7, ()
< e|(IV?611F () + IV6elF50)) - (leeel Ty + ey cay + IVONIT, ) + 16el17,0y)
+ "91”},,(9) + (116117, 0y + 1)"511”2,(9) + ("51”%4(:1) +1V0I|7, ) + 1)||9t"'i,(n)
+ ||ft“i,(n) VAT ) + el @lleellZ, @) + 1]
Further, using the inequality

16llwz(a) < c(1A]lLaca) + 116l o))

where n- V6 = 0 on S, and denoting for simplicity

p(t) = llewllz ) + ledlz ) + V0T, @) + 16ell7, 0y
(4.13) yields

d
”911”2,(9) + V0|7 50y + E(NAHWL,(Q) 3 "Vﬂt”%,(n))
(4.14) < a(lA0l17 ) + 1Vl 0))p(t) + c|(lledllZ q) + ||9“€v;(n) +1)p(t)
F Ui sy + 19 A1 + el ol cay + 18y +1]
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where we have distinguished a positive constant c;.

Now we multiply (4.14) by exp (—cl jol p(t')df’). As a result it follows that

t
(18eell 70y + IVEeNZ, () exp (—Cl /P(t')dt')

0

t
d
45 UG o) + 190, ) exp (—cl / p(t')dt')}
0

<e|(lledllz, ) + ||o||%/v2l(n) + 1)p(t) + 1 fill 7,0 + IV fllE0) + 1

(4.15)

t
+ el ylleel, @) + ||9¢||2,(a)] exp (—Cl /P(t')dt') .

0
Integration of (4.15) with respect to t leads to

i ¢
/(IIsz(t')lli,(m + V8 ()17, ) exp (—01 /p(t”)dt”) dt'
0

0

t
& (”Aa(t”ﬁ,(n) + ||V‘9t(t)||},,(m)exl) (—Cl /P(t')dt')

0

< [ [(ee Mo+ 106 My ) + DpE) + Do @lcan + 195Ny + 1
0

¢

+ e N @lleve (EE, @) + ||91'(t')"'},,(m] exp <—01 /P(t")dt") at'

0
+126(0)|I7, o) + IVE(O)IIZ, (0)-

From this inequality we conclude that
(4.16)

exp (—01 ]p(t')dt') .

0

t
: [/(Ilf)vt'(f')lli,(m + Ve ()L, )" + 80T, ) + IIW:(f)IIi,(m}
0

t
< C/ [(Het'(t')”f;‘(m + Ha(t')lﬁzv;(m + 1)p(t") + 1 fe (@) + IV FE T ) +1
0

+ uet'(t')”im(m“Et't'(t')”%,(n) + ||91'(t’)”2,(m dt' + ||A0(0)||i,(n) + !IVH,(O)“L(Q,.
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Now, recalling the bounds on €, €, 8, and 8, it follows that

t

/P(t')dt' < lewllz,ary + Tlledll? . co.7:0.00))
0

+ TIIVOIIL . 0,780y + 18ell}, oy + 1971 < e,

(4.17) ¢
J el + 16 By 0 )t
0

2
< (leell?. 0,700y + ngim(omw;(n)))/P(t')dt' <ec
0

Moreover, recalling the bounds on €, Ve, Ve, and assumption on g we obtain

t
s / ()2 ot < e / (16F sce Pledl* + lgu?)dadt

< ellblly@m)lleclzyary + cllgelll,@r) < e

t
/IIVf(t')Ili,(mdt' Sc /[loF.oeeIZIWIZIEzIZ + | Foe + 0F g0e |*|VO|* e
0 QT

+|6F e *| Vel + |eo[*|Veo|* + [Vg[*|dedt
< C("o"Lz(nT)||Et”§,.,(m) + ||V9||%.(nr)”5t||§4(m)
+ “9"Lz(9")||vet“§,.(nT) + "51||%4(9T)||V€t"},,(nT) + ”V.‘IH%,(QT)) <ec

Inserting (4.17) and (4.18) into (4.16) leads to

ess Supogth("Ae"zL,(a) +1V8ill3, ) + "9u||2L,(nT) + ||V91||2L,(QT)

T
(4.19) <c+clledli, @myllelt,@ry + C/ 166117y’
0
< ctclledli, ary +c-ess sup,rll6illZ, a)

where in the last inequality we used Lz(QT)«bound on €4 and L2(QT)-bound on 6.
We proceed now to estimate the terms on the right-hand side of (4.19). First we estimate

16ell s 0.7 L2 (02))-
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Differentiating (1.2), with respect to ¢, multiplying by 6, integrating over  and integrating
by parts yield

1d ’ 1 ’
¥ /coﬂ?dav + ko||V0,||i2(m =-3 /cgl,ﬂfd.r + /(OF.os i €¢)bda
Q Q Q
+2V/(AE¢)IEugldl‘-{-/glo;dIEIl+12+I3+I4.
Q Q

With the help of Hélder, Young and interpolation inequalities we obtain

|| < c/ |co,00: + coe€]0dx < c/ |6.|*dz + c/ CAICAREE
Q Q Q

< c/legladz+61/]Vgtlzd:t+c(6l)/0,2dz,
Q Q Q

(1 < [ledbids+ c [ 6°lePlodde + ¢ [ o*leulédda
Q Q Q

< ell6ull?, o) + lbellayscy + cllewllLacllell Loy s
< 8V, 0y + c(EN16:l17, 0y + clleell,ay +
151 < ¢ [ ledleallbids < ellealiaillzeyuco

Q
< 53||V9¢“2,(n) +c(63)16e117, 0y + 0”511”2;,,(0)»

where § > 0. Choosing 8, 63, 63 sufficiently small we get

1d

ko
2 2
S /Cooz dz + [Vl )

Q
< C(II9¢II:},a(9) + ||€u||i,(n) + ||91||?,,(n) + ||9!||%,(n)) +ec.

Using the interpolation inequality
1/3 2/3
1Belzacoy < ellVOul Gy 18617 oy + clléllzaar

it follows that

d 2 ko 2
= /CO(), da + ?”vgt”L,(Q)
b
: 2 2
< (0l 00y + NeeellTycay + 10el T, 00y + N9ellT ) + ¢

N =
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Hence, since ¢ > ¢, > 0,

d
G [ atida =Bt ar [ codie < cllewltiar + 60l + ol o) + ¢
Q Q

Multiplying by exp ( cfo llg"(t,)”Lz(ﬂ) ’) we obtain

t
d
F | [edtan | exp (= [0 e
(1] 0

< C(”Ett“%,(n) + ||91||2L,(n)

t
+lal oy + Dexp (= [ 1001, and

Integrating with respect to t yields

¢
/coagdz‘ exp —c/"G,:(t')”%z(ﬂ)dt'
Q 0
l,

t
< C/(”Euﬂ”iz(ﬂ) + ”0:! "i,(n) + ”g"”i:(ﬂ) + l)exp —/llﬂwlliz(mdt" &'
y 0 &

+ /CQ(EQ, 00)0?(0)(117

Q

‘Hence, by assumptions of lemma it follows that
(4.20) ess sup,||6; "sz(9) <ec

We procced now to estimate ||e¢||_ (ar)- In view of (4.20), recalling that
’Ielle(O,T;Wzl(n)) S c, (419) 1mplies

VIl Loy 0, w2 )) < €+ clletll Lo, 7))
Hence,

(4.21) VOl Lo 0,758, 0)) < €t clledlig@r)y, 1<0 <oco.

We return now to the elasticity system and estimate its right-hand side in L,(QT)-norm.
Using (4.21) we get

IV Fe(e,0)lc, @ry < c(lOll, @r) + IVOllL, @r))
SC+C”E¢"II°°(QT), 1< o < oo.
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Consequently, in view of assumptions on the data, with the help of Lemma A1, it follows
that

||u|lw;"’((17') < "(”w”w}-‘uﬁ) + ||u0”w:~'2/vm))
(422) < (IV-Fele,0) + bllg, car) + s — aQuollyy1-1e g, + ol -1 )
Lcetclledlp,@ory, 1<0<oo.

Hence, by imbedding,

(4.23) leellyrirzgry < cllullwszqr)
Sctcledlp,ory, 1<o<oo.

Next, we utilize in (4.23) the interpolation inequality

(4.24) etz ory < Slledly iz gry +c(é)lledls,, @r)
with o, satisfying
4 4
———<1, so o0,>4
(5] (e o)
Then (4.23) implies
(425) ||€[|Iw’l,lI7(nT) S c+ C”El“La(gT) S c for 4<o< 0,

where in the last inequality we used L,(Q7)-estimate on €,. Combining (4.24) and (4.25)
leads to

(4.26) ledlpa @r) < e

Finally, using (4.26) and (4.20) in (4.19) ne arrive at the assertion. O
We note now that (4.1) implies

(427) lollwzar) < c

where W2(QT) = W2*(QT).

Consequently, by imbedding, the Holder bound follows

(4.28) l6llcmsar) S e 0<as < %

Moreover, (3.27) and (4.1) imply

(4.29) VOl oo, w0 <

s0, by imbedding,

(4.30) VOl L0100 S ¢ 1 <0< o0,

Thanks to Hélder continuity of € and 8, in view of a priori bounds (3.37), (3.43), (4.30),
we can obtain final estimates for a solution (u, ) to (1.1), (1.2) in V(p, ¢)-norm.
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Lemma 4.2. Suppose that €, are Holder continuous in QT with
le]+8<c in QT
and
IVellp,ar) + VO, r) < e, 4<p<oo,
”51”1,,(97) <e, 4<q<oo.

Moreover, suppose

be L,(QT), ge L, (a7,
uo € Wi7HP(Q), wy € W2THP(Q), 6o € WE1(Q), 4<p<oo, 4<q<oo,

and compatibility conditions. Then

(4.31) “u"W;"(nT) <e¢, 4<p<oo,
(432) ||0||W:,.(QT) < c, 4 < q < o0.

Proof. In view of assumptions,
[IV-Fe(e,0)llL,@r)y <c for 4<p<oo
Then, similarly as in (4.22), estimate (4.31) follows.
Further, recalling Lq(Q7)-bound on e, it follows that the right-hand side of equation
(1.2); is bounded in Ly(027)-norm for 4 < ¢ < co. Therefore, in view of Holder continuity
of the coefficient co(e, 8), the classical parabolic theory [5] assures the bound (4.32). O
We note also that (4.31), (4.32) imply

|‘€t||w;.l/=mr) <e¢ 4<p<oo,

(4.33)
”Vo”w’l,l/z(n.,-) <e¢ 4< q < 0.

Hence, by imbeddings, e, and V8 are Hélder continuous in Q7 and satisfy bounds

(4.34) ||€¢||Ca4,a4/2(91‘) <e, O<ag<l,

(4.35) [V6llces.asrzary < ¢ 0<as < 1.
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5. Proof of Theorem 2.1

The proof is based on the application of the Leray-Schauder fixed point theorem to the
system (1.14), (1.15), (1.2) in a similar manner as in [9]. Here we focus on the differences
related to non-constant coefficient co(e, 8).

First, we extend the definiton of Fi(e,0) to all values of 6 in R in such a way that it is of
class C3, and that
Fi46(€,0) >0 for (e,0) € S? x (—00,0).

We note that such extension preserves the lower bound (2.3) of ¢o(e,8) for all (e,0) €
5% x R.
The solution space is
V(p,q) = {(u,0); ue WHQT), 6 € WH'(QT), 4<p< oo, 4<g< oo}
The solution map
(5.1) T(r,-): (@,0) € V(p,q) = (u,6) € V(p,q), 7€[0,1],
is defined by means of the following initial-boundary value problems

w, — BQw = 7|V - Fe(g,0) +b] in Q7

(5.2) w|,_, = 7[u1 — aQuy) in Q,
w=20 on ST,
U — aQu =w in Q7,
(5.3) u|‘=0 =TUp in Q,
u=0 on ST,

co(€,08,7)0; — ko AO = 7[0F g (€,0) : €1 + v(Ae,) i€, +¢] in ar,
(5.4) 6),_,
n-Vé=0 on ST,

=76 in £,

where B - -
co(€,0,7) = cy — TOF gg(€,6).

We employ the following formulation of the Leray-Schauder fixed point theorem (see [3]):
Theorem 5.1. Let B be a Banach space. Assume that T : [0,1] x B — B is a map with
the following properties:

(i) For any fixed 7 € [0,1] the map T(7,-) : B — B is completely continuous.
(ii) For every bounded subset C of B, the family of maps T(-,x) : [0,1] — B, x € C, is

uniformly equicontinuous.
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(iii) There is a bounded subset C of B such that any fixed point in B of T(7,-),0 < 7 < 1,
is contained in C.

(iv) T(0,-) has precisely one fixed point in B.
Then T(1,-) has at least one fixed point in B.

We verify the properties (i)~(iv) for the soluton map (5.1).

The property (iii) results from Lemma 4.2.

The property (ii) follows by direct comparison of two solutions (w,u,8) and (i, @, 6)
to problem (5.2)-(5.4) corresponding to parameters 7 and 7, respectively. In fact, the
application of parabolic theory [10] gives the estimates

(5.5) |lw — 'd"”W,’"(QT) <clr =7, |lu- llya2qry Scfr — 7, 4 <p<oo.
To estimate the difference 7 = 6 — 6, we note that 7 satisfies the following problem:

CO(EvésT)nt - kUAn = (T - ‘F)éF‘.OB(Eyé)él + (T = ;’:)P

(5.6) + 7(P — P) + 706,(F gg(e,8) — F90(,0)) in QT,
’ 1 ,ep = (1 = 7)o in Q,
n-Vnp=0 on ST,
where

P = éEos(E,O_) reg+v(Aey) e +y, p= OF 4c(8,0): &, + v(AE) 1 €4 + .

Thanks to (5.5), Ly(27) — norm of the right-hand side of (5.6); is bounded by c|r — 7|.
In consequence, since the coefficient co(e, 8, 7) is Holder continuous, the classical parabolic
theory [5] implies

(5.7) 16 = 8llwz1 @ry < elr =7, 4<g<oo,

what concludes (ii).

In view of the regularity of problem (5.2)—(5.4), the property (iv) is obvious.

The property (i) follows by showing that for any fixed 7 € [0, 1], T(r, -) maps the bounded
subsets into precompact subsets in V(p,q). Let (@",8") be a bounded sequence in V(p, q)
such that for n — oo

u" — u weakly in W:'2(QT), 4 < p< oo,
6" — 8 weakly in W>'(QT), 4<q<oo.

Our aim is to show that for the values of T(r,)

(5.8) (u™,0") = T(r,a",0")

the following convergences hold for n — oo

(5.9) u” — u strongly in W,f 2Q7), 4<p< oo,
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(5.10) 6" — 6 strongly in W2'(Q"), 4<q< oo,
where

(5.11) (u,8) = T(r,a,d).

With the help of compact imbeddings [2] it follows that for n — oo

u” — u strongly in W:‘S/z(QT), 4 <p<oo,

(5.12) gn 7] : 1,1/2.T
0" — 6 strongly in W, '/*(Q7), 4 <g¢ < oo.
This implies that

E" & strongly in C*/2(QT), 0<a; <1,
(5.13) VE™ — VEé strongly in C*»*2/2(QT), 0<ay <1,
" -0 strongly in C*®*3/2(QT) 0 < a3 < 1,

where
e" =e(u"), &=-¢e(u)

Recalling equality (3.40), thanks to above convergences, it follows that for n — co
(5.14) V.-Fe(E",6") — V- Fe(E,0) strongly in Ly(Q7) for4 < p < g < oo.
Consequently, by theory of parabolic systems [10],

w" — w strongly in sz"(QT), 4 <p<oo,

what, in turn, implies convergence (5.9).
Further, we note that by (5.9),

e" > e strongly in C*v*/2(QT), 0<ay <1,

(5.15) el — &, strongly in Ly(R7), 1< p< oo, and

4
strongly in Co*/2(QT), 0 <aq <1-— ry

To prove convergence (5.10) we consider the difference n™ = 8" — §. We have

co(€,0,7)n;" — koAp™ = (P™(e",8",7) — P(e,8,7))

(5.16) ) — (co(e™,8™,7) — co(e,8,7))8" ?n T,
n lt:o =0 in
n-Vy" =0 on ST,
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where _ _ _
P"(e", 0", 1) =T[0"Fe(e",0") : €} + v(Ae}): e} +¢],

P(e,0,7) = 7[0F g (e,0) : €, + v(Aey) - €, + g],
and €" = e(u"), € = e(u).
In view of Hélder continuity of the coefficient co(e, 8,7), in order to prove that for n — oo

7" — 0 strongly in W:'I(QT),

it is sufficient, by virtue of the classical parabolic theory, to show that the right-hand side
of (5.16); converges to 0 in Ly(27)-norm. For the first term we have

/ |P™(e™, 8™, 7) — P(e,8,7)|"dzdt

nT

< c( / 6" — 81| F ge(e™,8™)|e}|?dzdt + /é"(|e" — |7 + 10" — 8)7)|e}|?dxdt
QT QT

+ / é"|F‘og(e,9_)|"|e;' — &¢|%dzdt + / le} —ed|?(Jer|® + |e,|’)dzdt> —0 as n — oo,
QT QT

where we used the uniform with respect to n Holder bounds on €™, €}, 8™ and the con-
vergences (5.13), (5.15). For the second term on the right-hand side of (5.16);, recalling
convergences (5.13), (5.15), we have

/ (co(e™, 8", 7) — cole, B.7))87 [P dadt
ﬂT
< supgqr [co(€™, 8", 7) — co(€, 8, 7)°II67 I}, (@r) = 0 as n — co.

This shows (5.10) and thereby the complete continuity of T'(r,-).

Summarizing, we have shown that the solution map (5.1) satisfies assumptions (i)-(iv)
of the Leray-Schauder fixed point theorem. Thus, T'(1,-) has at least one fixed point in
V(p, q) which is equivalent to a solution (u, ) of problem (1.1), (1.2) in V(p, q).
Recalling bounds (4.31), (4.32) and Lemma 3.1 the proof Theorem 2.1 is completed. O

6. Proof of Theorem 2.2

Let (u,8) and (@, 6) be two solutions of (1.1), (1.2) corresponding to the same data.
We denote

Next, to simplify notation, we set
e=¢€(u), e =¢€(u), Fe=Fe(eb), Fge=Fpel(e,9),
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Co = 00(5»9), Yo = ‘70(519),

and respectively &, &, Es, 15'9,5, &, 7o for the functions of (@, 6).
Further, it is convenient to rewrite equation (1.2); in the form

(6.1) 0, — koyo A8 = 100F 4e(€,0) : €1 + vyo(Aey) 1 €, + Yoy in QT

where
1

9) = .
0 O(E, ) Co(s, 0)
We note also that

(6.2) <w<— i Q7
Cy

S| =

where
L Jp—"
¢y = max co(e, ).
0 or 0( ) )

Subtracting the corresponding equations we see that (v,n) satisfy the following problems:
vy — VQuy + %EQZU =V (Fe - ﬁ‘.e) in QT,

(6.3) v|,o=0, v_g=0 in Q,
v=0, Qu=0 on ST,

7 — kovo Ay = 700F 6 : €0 — 700F e : &,
+vy0(Aer) &0 — vio(AEL)  Er+ (Y0 — Fo)g

(6.4) +ko(70 —7)A0 = R, + Ry + Rs + Ry in 7,
"|t=0 =0 in ,
n-Vnp=0 on ST.

Multiplying (6.3); by v, and integrating over Q' yields

%/|v¢|2dz‘ + —? / |Qu|*dx + u/(Ae(v,r)) : e(vy )dzdt!
Q Q Qt

(6.5)
=— /(F,e — F¢):e(vy)dzdt'.
ot

Next, adding to (6.5) the identity
(6.6) %/[e(v)[zdm = /s(v):e(v,:)dxdt',
Q Q
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valid thanks to initial condition (6.3)2, recalling (2.1), and using Young inequality we get

/ (%|v¢|2 + %IE(’UHZ + fS—O(QvV) dz + ug/ le(ve )2 dadt!
Ql

Q

(6.7)
< 6/ le(ve)|Pdzdt’ + c(6)/(|E5 — Fel® + |e(v)]?)dadt’.
Q it

Hence, using the estimate
(6.8) |Fe — Fel < c(le(v)] + Inl),

which follows from uniform bounds on e and 6 in Q7, and choosing é§ appropriately, we
obtain

(6.9) (loe® + le(v)* +1QuvI*)dz + [ |e(ve)*dzdt’ < c [ (le(v)]* + Inl*)dzdt’.
/ / /

Consequently, with the help of Gronwall’s inequality, we arrive at the estimate
(6.10)
lvell oo 0,7522(0) + (V) Lo (0,73 2(2)) + 1RV oo 0.75200)) + IE(¥O)ll 2 (27) < ellnllLaqar)-

By virtue of (2.2) it follows from (6.10) that

(6.11) 11|20 0. w20 < cllnll,(ar)-

Now we multiply (6.4); by 7 and integrate over Q' to get, after integration by parts,

1 2 2 " _

(6.12) 3 dz + ko [ 70|Vn|*dzdt' = —ko | nVn - Vyedzdt' + Z Rindzdt'.

: Q Q Q =1ge

Hence, by (6.2),

(6.13) ; / tde 4+ — / |Vn|2dzdt’ < —ko /nVr/ Vyodzdt' + Z/ Rindzdt'.
Q Qt =g

We proceed now to estimate the terms on the right-hand side of (6.13). Note that by virtue
of Hélder estimates on ¢, 8, Ve and V6 in QT we have

1 .
(6.14) V90l < (lcoellVel + leol|VE]) < ¢ in QT.
0

Consequently, the first term on the right-hand side of (6.13) is, with the help of Young's
inequality, estimated by

(6.15) k0/|7)||V7;[|V'yo|d1:dt' < 61/|V1)]2d1dt +c(6|)/17 dzdt'.
nl
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Further, thanks to the uniform bounds on €, 8, ,, 7o and &, 8, &,, 3 in 7, we have

(6.16) |70 = Fol < elle(w)] + nl),
and
(6.17) [Ril, | R2| < e(le()] + 0] + le(w)l),  |Rs] < c(le(v)] + [n]),

where in the last bound we used assumption g € Loo(27). Hence, by virtue of (6.10) we
have

3
(6.18) > / |Ri||n|dzdt' < c / n?dzdt.
i=ln| QT
The R4-term is first integrated by part

(6.19) / nRydzdt' = ko / (Yo = 50) V8 - Vypdzdt' + ko / 1V8 - V(70 — Fo)dadt'.
nl

Q Q

Utilizing (6.16), the uniform bound on V8 and (6.10), the first term on the right-hand side
of (6.19) is estimated by

(6.20) |ko /(’Yo — %)V - Vydzdt'| < 6, / |Vn|2dzdt’ + c(ég)/nzd:ud't'.
Qt Q Q

Similarly, in view of the bounds
(6.21) [0, = Fo,el + 70,6 — Y9 51 < e(le(v)| + |n]),

‘which follow thanks to assumption (A5), utilizing the uniform bounds on €, 6, Ve, V6 and
Y0,€, 70,6, We have

(622 V00—l S Vellne ~ ol +V0lhne o4l + gl Ve(o)] + o gl vl
< clle(w)] + Ve(w)| + Inl + V7).

Consequently, the second term on the right-hand side of (6.19) is estimated by
ko / NV V(v — Fo)dzdt'|

nl
(6.23) <8 /(Ie(v)l2 +|Ve(v)|* + n* + |Vy|*)dzdt' + c(6s)/nzdrdt'
Q¢ Qt

<6 /(1',2 + |Vn|})dzdt' + c(63)/7;2dxdt,
Q! Qe
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where in the last inequality we applied the bound (6.11). Finally, combining (6.13), (6.15),
(6.18), (6.20), and choosing constants §; appropriately, we arrive at

(6.24) /712(1.1: +/|V1;[2dmdt' < 6/772(l:z'rlt. t<T.
Q Qt Ot

Hence, by Gronwall’s inequality, n = 0 in Q7.
Simultaneously, by inequality (6.11), it follows that v = 0 in Q7. This completes the proof.
O

Appendix

Regularity results for parabolic systems

We collect here the results on regularity of solutions to parabolic systems of the form
(1.14), (1.15) which are used in the existence proof.
Let 2 C R®, n =2 or 3, be a bounded domain. First we recall the classical result due to

Solonnikov [10]:

Lemma A.1. Let us consider the problem

w—Qw=Ff in Q7
(A1) w|,_,=wy in Q,
w=0 on ST.

Assume f e W:""‘(QT), wy € W,?k_z/p(ﬂ), 1<p<oo,§e€C™2 kcN, and
corresponding compatibility conditions. Then there exists a unique solution to (A1) such
that w € W2k+2k+1(QT) and

(42) lellpzesanssgry < cCllFllwzescar + ol ze-2rr )

with constant ¢ depending on Q, T and S.

The next result is a generalization of the Friedman-Necas lemma, [4] to the case of parabolic
systems.

Lemma A.2. Let us consider the problem
w,-Qw=V-o+b in QT
(A3) w|,_y = wo in Q,

w=0 on ST,
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where o = (alj)i,j=1,...,n; b= (bi)i=l,.4,,n~
Assume o € L,(27T), b € L,(27),1 < p < o0, wy € Wfﬂz/p(Q), S € C?. Then there
exists a unique solution to (A3) such that w € W,,l’l/2(QT) and

(A4) lwllyrir2gry < clllollz,@r) + 1Bl @) + llwolly2-25(q))

with a constant ¢ depending on Q, T and p.

Proof. We follow the arguments of [4] where the single equation is considered. First assume
that Q, = {a, > 0}. Let u', i = 0,1,---,n be the solutions of the following auxiliary
BVP’s:

wi—Quw' =h' in Q7 = {z, >0} x(0,T),

w'|,_, =8wo in {z, >0},

(A4) w' =0 on {2, =0} x(0,T)for0<i<n—1,
aé;v =0 on {z, =0} x(0,T) for i =n,
n

where h® = b, h' = (0ki)k=1,,n fori = 1,--+,n, and 6,4,§ =0,1,---,n is the Kronecker

delta. Then

= Oz;
satisfies
w,—-Qw=V-.o+b in {z,>0}x(0,T),
w|t=0 = wp in {z, >0},
w=0 on {z,=0}x(0,T).

By virtue of Lemma A.l we have the existence and uniqueness of solutions to problems
(A4) for ¢ = 0,1,---,n, and the estimates

w2y < ez, o) + 6%lwoly3-1n g )
Hence

n
”wllw;r‘“(nz’) < C(Z ”h'”L,(QT) + ”wOHW:"’/P(Q_))-
=0

By the regularizer technique we conclude the existence of solution to (A3) in Q7 and
estimate (A4).

In case the right-hand side of (A1) belongs to spaces with fractional derivatives with
respect to time the following lemma can be proved by using methods from [6].
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Lemma A.3. Let us consider problem (Al). Assume f € W:‘k/Z(QT),
wy € ka+2—2/p(n)y k€N 1< p< oo, Se CK? and appropriate compatibility
conditions.

Then there exists a unique solution to problem (A1) such that w € W,,k+2’k/2+l(QT) and
"w”w:“-"/“‘(QT) < C(”f“w:"'/’(q‘r) + ”wouw:““’“’(g))

with a constant ¢ depending on Q, T and S.
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