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On the formulation of plasticity and viscoplasticity
with internal variables (*)

F. SIDOROFF (PARIS)

THE GENERAL structure of a plastic theory with internal variables is outlined, with particular
emphasis on the choice of the loading-unloading criterium in relation to the principle of de-
terminism. For the usual three-dimensional elastoviscoplasticity, the various concepts of plastic
deformations to be introduced as internal variables are then discussed. Finally, conditions
under which LEr’s decomposition F = F¢FP and CLIFTON’s F = FPF¢€ can be considered as
equivalent are investigated.

Podano szkic ogélnej konstrukcji teorii plastycznos$ci ze zmiennymi wewnetrznymi kiadac
szczegblny nacisk na wybo6r kryterium procesu obciaZenie-odcigzenie zgodnie z zasada deter-
minizmu. Dla zwyklej tr6jwymiarowej sprezysto-lepkoplastycznosci wprowadzono oraz prze-
dyskutowano rézne koncepcje odksztalcen plastycznych jako zmiennych wewnetrznych. W za-
koniczeniu zbadano warunki, przy ktorych rozklady Lee F = F¢FP i Cliftona F = FPF€ mogg
by¢ uwazane za réwnowazne.

HaercAa ouepk OOLIETO INOCTPOEHHA TEOPHMHM IUTACTHYHOCTH C BHYTPEHHMMH IlepeMEHHBIMH,
obpaiasg ocofeHHO BHHMAaHHE Ha BBIOOD KPHTEPHA IIpOLeccd HArpysKa-pasrpysKa, COITIACHO
NpHHIMITY npHurHHOCTH. JA 06LIKHOBEHHOH TpeXMEPHOI YyIIpyro-BASKO-IJIACTHYHOCTH BBe-
JeHbI M O0CY)K/IeHb! pasHbIe KOHLENIHA IUIACTHYeCKAX AedopMaliuii, KaK BHYTPEHHHX Iepe-
MeHHBIX. B 3akmoueHMM HCClIeOBaHbLI YCJIOBHA, NPH KOTOpbIX pacupefgeneHua Jla F =
= FeFP u Kmudrona F = FPF€ MOryT CUMTATECA IKBHBANECHTHBIMH.

1. Introduction

THERE has been in recent years a growing interest in the macroscopic description of finite
deformations in elastoplastic viscoplastic materials. With the exception of few works by
OWEN and by VALANIS, the functional approach has not been found very helpful. On the
contrary, internal state variables have been used successfully. There are two main reasons
for this: on one hand, from the theoretical point of view, the functional approach is unplea-
sant — if not questionable — for plastic materials which have no fading memory property;
on the other hand, from the physical point of view, internal state variables are quite appro-
priate, since they can be given a precise physical meaning, at least for single crystals, thus
allowing to construct the macroscopic theory from microscopic considerations [1].

Many elastoplastic or elastoviscoplastic theories with few relations between each other
have been proposed. It is the purpose of the present work to draw out the common features
of all these theories and thus to describe what may be called “the general structure of plastic-
ity”. This description is presented in Sec. 2 where a formal theory of plasticity is proposed
which, at least in principle, could be applied to any kinematic and dynamic framework:

(*) The paper has been presented at the EUROMECH 54 COLLOQUIUM on “FINITE DEFORMA-
TIONS IN PLASTICITY™, Jablonna, September 30-October 3, 1974.
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three-dimensional continuum, shells and plates, medium with microstructure, ...The appli-
cations of this formal theory to the three-dimensional continuum are investigated in Sec. 3.
Different concepts of plastic deformations are discussed and many theories are shown
to be included as special cases of this formal theory. Section 4 is devoted to a comparison
of two kinematic descriptions of elastic-plastic deformations.

For the sake of simplicity, we do not consider heat conduction, although it would be
quite straightforward to take it into account. In the plastic case, our analysis is restricted
to the case of a single yield condition, i.e. of a yield surface without corners. The extension
to the case of multiple yield conditions is not obvious.

2. The formal theory

Using PERZYNA’s notations [2], the evolution of the material is characterized by the
evolution of two sets of variables: the independent variables /A and the dependent variables
7. These variables depend on the continuum under consideration. For instance, in the
usual three-dimensional continuum, we can choose for A the strain and temperature, and
for 7 the specific free energy, stress and specific entropy. In more general cases these variables
are obtained from the kinematic and dynamic analysis (or, more easily, from the elastic
theory, which is characterized by the single constitutive equation @ = m(A)).

These variables are chosen in view of the principle of determinism (3, § 26] which requires
that 7(¢) be uniquely determined by the history of A up to time ¢. The internal variables
hypothesis assumes that 7(t) depends on the past history of A only through the present
values of some internal, or hidden, variables w describing the internal state of the material.

We thus assume that the dependent variables are given as functions of the srate variables
Aand w
(2.1) nt = (A, w),
while the rate w of the internal variables is given by an evolution law which will be presently
discussed. This law must be set up in such a manner that i) the principle of determinism,

ii) the second law of thermodynamics are satisfied. With a correct choice of A and 7 the
second law reduces to

dy
2:2 — e w=0
( ) aw w = ]
where p is the thermodynamic potential occuring in 7.
2.1. Viscoplasticity and plasticity

Viscoplasticity and plasticity can be characterized by the particular form of the evolution
law. A viscoplastic law gives w as a function of the state variables AA and w
(2.3) w® = QA, w).

Plasticity is characterized by an admissible domain in the state space (A, w), which
the state cannot leave:
(2.4) Y(A, w) < 0.
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The plastic law is defined according to the position and motion of the state (A, w) with
respect to this domain (Fig. 1): « disappears when the state lies inside this domain or
during unloading (i.e. when the state lies on the yield surface but moves inwards), while
the direction of w is given during loading (i.e. when the state lies on the yield surface and
remains on it). The plastic law can thus be written as:

= if Y(A,w) <0

O® =0 . : ;

(2.5) ‘ orif Y(A, w) = 0 in unloading
w® = AT'(A, w) if Y(A, w) = 0 in loading,

where A is a scalar quantity which will be computed from the condition Y =0.

Loading: &=AT(A,w)

Elastic domain: . ;
Y(A,w)<0 Unloading: w=0
w=0

Yield surface:
Y(Aw)=0

FiG. 1.

A comparison of (2.5) with (2.3) clearly shows the two main differences between visco-
plastic and plastic behaviour:

i) a viscoplastic law gives w, while a plastic law gives its direction;

ii) usually the function & disappears in some elastic domain but this is only a nice
feature of this function. On the contrary, the plastic domain (2.4) is fundamental.

Following MANDEL [4], we shall assume that the behaviour is both plastic and viscd-
plastic, so that

(2.6) ® = OO +O®,

where & is given by (2.3) and w® by (2.5).
2.2. The loading-unloading criterium

To complete the formulation of the theory, a loading-unloading criterium must be
specified, allowing for a more precise definition of loading and unloading. Considering the

fact that ¥ disappears during loading and is negative during unloading, this definition is
usually provided by a loading index, a scalar quantity which is equal to ¥ during unloading
and to some part of Y during loading. This loading index governs loading or unloading
through its sign: loading or unloading occurs according to whether this loading index is
positive or negative.

The most natural choice for the loading index is:
¥ . oY

At+— Q.

2.7 Y=YA, w,A) =1 o
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The evolution law for @ can then be written as: _

[ if YA, @) <0

| orif Y(A, w) =0 and Y(A, w, A) <0
& =QA, w)+AT(A, w) if ¥(A, w) =0 and Y(A, w, A) >0.

2.8) w = N(A, w)

Obviously, Y is equal to y during unloading, and to
g A Y

during loading. Since the state, during loading, must remain on the yield surface ( Y =0),
the Eq. (2.9) determines A

Yy Y 's
2. s a0 :
(2.10) A ( == ) Y
From (2.8), the Clausius-Duhem inequality (2.2) requires that
Oy
i < 0.
2.11) = -R<0 and [ ( I‘) ] 0
Since these inequalities must hold for all positive Y, they require
Oy oy ay )_l
2.12) e - Q2<0, (_83 I')( e -y =>0.
Without loss of generality, we can assume
oy oy oY
(2.13) m-ﬂgo, Y <o, = -T' <0.

The Egs. (2.8) show that « is a function of (A, w, A). This is a differential system
allowing to compute w from the history of A. The principle of determinism is automatically

satisfied. For this reason, ¥ will be called the natural loading index.

2.3. Alternative formulation

In many theories, however, the yield condition and the loading-unloading criterium
are not expressed in terms of strains, but in terms of stresses. In other words, the yield
function Y is expressed as a function of some state functions §(A, w)

(2.14) YA, w) =y, w), where ¥ =¢(A,w),
and the loading index is then taken as

A 6}’ - a}’ .
2.15) b= {t o

The evolution law for & becomes
o S BIER if y<0,
e, w) orif y=0and § <0,

© =00, w)+Ail'A,w) ify=0and y>0.

(2.16)
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Similarly to the preceding subsection, it can b> shown that A is given by
-1
y I') 5

2.17) i=—|=

and that the Clausius-Duhem inequality requires

o 9y W pe
(2.18) = <0, -L-T<0, = r<o.

The Egs. (2.16) show that « depends on A, w and ¢. The principle of determinism
requires that « be a function of A, w and A If y(€, ) <0, &=, w). IfyE,w).
= 0, A, w and A being given, we must determine $ (which in turn determines & by (2.16)

and (2.17)).
Assuming y < 0 (unloading), (2.16) gives

Aaya;-ayaya;)na .
e = Y(A ,A) <0,
(2.19) y % oA A+( +5§ 5 A, w, A7)
while assuming y > 0,
dy ot

Y(A w, A)+1= 5§ s o
Taking the Eq. (2.17) into account, this equation can be written as
(2.20) $=H#A, ) YA, w, A) >0,
where

_ » o\ . %

It follows from (2.19) and (2.20) that the principle of determinism requires
(2.22) A (A, w) >0,

Indeed, if #(A, w) < 0, then both (2.19) and (2.20) or none of these inequalities hold
according to the sign of I;(A, w, A). From (2.16) it follows that « can then be given two
values if ¥ < 0, and no value if ¥ > 0. The principle of determinism cannot be satisfied.

On the contrary, if (2.22) holds, then Y and 7 have the same sign and J is given as
a function of A, w, A by (2.19) if ¥ < 0 or by (2.20) if ¥ > 0, and the principle of deter-
minism is satisfied.

Now, it follows from (2.22) that the loading-unloading criterium defined from the load-
ing index j is the same as the one defined from f’, and the law (2.16) is only an alternative
formulation of (2.8).

Since the choice of y as loading index requires (2.22), then the choice of Y as loading
index is, from the mathematical point of view, preferable. The loading-unloading cri-
terium should be expressed in terms of strains rather than in terms of stresses. Such a con-
clusion was reached by NGUYEN & Bui [5] in another context (softening materials); they
also derived a similar inequality (2.22) and gave a nice interpretation for it in a one-dimen-
sional case.
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3. Three-dimensional plasticity

The formal theory described above can be applied, through an adequate choice of A,
7 and w, to any kind of plastic continuum. Attention will now be focussed on the usual,
three-dimensional continuum. In this case, A and = can be chosen as

G.D) At = (F,0), =t=(p,T,7),

where F is the deformation gradient, 6 the temperature, ¢ the specific free energy, T the
Cauchy stress tensor and # the specific entropy. As the theory must be objective, these
variables can be replaced by

(3.2) _ A=(CH), =m=(@,S,n,

where C = FTF is the right Cauchy-Green tensor and S = (detF)F~!TF-*7T the second
Piola-Kirchhoff stress tensor in the reference configuration.
The Clausius-Duhem inequality

(3.3) —0o(p+nf+07)+1/28- € > 0

90 aC 90 aﬁ +r 90 a W= o

Since this inequality must hold for all A, w and A,

» dyp(C, 0, w) _ 0y(C,0,w)
(3.9 S“EQOT, /e T A
and the Clausius-Duhem inequality reduces to (2.2)

A specific theory will be characterized by the variables occuring in @ and by the func-
tions 7, , Y and I'. When dealing with plasticity or viscoplasticity, some kinematic tensor
describing the plastic deformation must occur in w. Various kinematic descriptions of
elastic-plastic finite strain have been proposed, the result of which are various theories of

three-dimensional plasticity.

3.1. Dipolar displacement

In many cases, especially for the description of the behaviour of single crystals, the
thermoelastic deformation is defined as the deformation of the material with respect to
an ideal local natural configuration, whose orientation is somehow defined (through
a director triad [4] or through the crystallographic directions [1] for instance). The
deformation gradient F is then decomposed into

(3.5) F = AP,

where A and P are the thermoelastic and plastic distortions, and A behaves like a dipolar
displacement [6] in a change of frame, i.e. F, A and P transform like

(3.6) F-QF, A-QA, P-P.
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The internal variables w are taken as

3.7 w = (P,a),
where a is a set of other internal state variables (including for instance the dislocation
densities).

Generally, in this framework, the thermodynamic state is determined by (A, @, o).
If the elastic strain tensor E and the Piola-Kirchhoff stress tensor II in the local natural
configuration are now introduced
2E = (ATA-1) = (P7!TCP!-1),
IT = (detA)A~'TA'T = (detP~')PSP7.

Since y, function of A, 0, a, must be invariant in (3.6), it depends on A only through E.
(3.8,) allows us to write (3.4,) as

(3.8)

_ oy _ R
(3.9) S = ZQQT = QQP ‘a—E"‘*P .
A comparison of this equation with (3.8,) gives

__wE,0,@) _ oyE,0,a)
(3.10) n——-‘(_)—"'"'a—E'——', '—_'—ae—!

where g is the mass density in the local natural configuration.
The Clausius-Duhem inequality (2.2) can be written as:

.0y . _O0p - 0y .
3.11 R A O o) R, i
(3.11) 055 @ ¢sp P-@ 7 &0
Using (3.8,), (3.10) and the symmetry of IT,
=0y PR~ oy 1 —iT -1 1 -1T =
C5p P= -3 [5&' )CP +5P c®P)

= —II.P-'TC(P~") = II- P-'TCP-'PP-! = (1+2E)MI. PP
and substituting this result in (3.11), we obtain

(3.12) A+2B)I- PP -5 5 > 0.

The Eqs. (3.10) and (3.12) are the fundamental thermodynamic equations in all
theories based on (3.5). The evolution laws are taken in agreement with the theory of
Sec. 2. For instance, MANDEL [4] takes Y, @ and T" as

Y = y(II! 89 ﬂ),
Q = (a(l, 0, ®)P, h(IL, 0, «)),
I = (B(L 0, »)P, 1(IL, 6, ),

and the loading index is taken as in subsection 2.3 with § = (II, 8). The conditions resulting
from (2.22) have been discussed in [7]. Moreover, MANDEL assumes that a and h disappear
inside some elastic domain G(II, 6, &) < 0, but this is not fundamental.

(3.13)
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Most theories for single crystals (cf. [1] where many other references will be found)
are special cases of the preceding theory; they are mostly restricted to viscoplasticity and
often deal with microscopic considerations which lead to special forms for the functions y,
a an h occuring in (3.13). It must also be noted that Lgg’s theory [8] can be obtained from
the theory presented above by restricting it to plasticity and to isotropic materials.

3.2. Intermediate configuration

Another concept of plastic deformation issues from an intermediate configuration
which leads to a decomposition

(3.14) F = F°F?

formally identical to (3.5). However, there exists no preferred orientation in this con-
figuration, so that it is only defined to within an arbitrary rotation. It has been shown in
[9] that, in a change of frame, F, F® and F” can be considered as transforming like

(3.15) F- QF, F'-QFQf, F -Q,F,
Q and Q, being two orthogonal tensors.

If we take wt = (F?, a), then the evolution law, which gives w', cannot be inyariant
in (3.15). More precisely, it can be shown [9] that only the symmetric part D? of L? = FPF?~!
is objective under (3.15) and that w must be taken as

(3.16) w = (E?, a),

where E? = 1/2(FPF?T—1) is the Lagrangian plastic strain tensor. This approach is
equivalent to assuming a symmetric plastic strain tensor [2, 10].

Many macroscopic phenomenological theories are obtained as special cases of the theory
based on (3.4), (2.2) and (3.16) with the evolution law described in Sec. 2. Since this theory
is invariant under (3.15), it includes some kind of structural isotropy. On the other hand,
since C and CP appear as state variables, it can account for a macroscopic anisotropy in-
duced by plastic deformations.

PERZYNA’s [1] and GREEN & NAGHDI's [10] theories can be obtained by restricting the
previous theory to viscoplasticity and plasticity, respectively. Moreover, it has been shown
in [9] that LEg’s theory [8] can be obtained as a special case of [10] when assuming that
the state variables are only (F¢, 6).

3.3. Other descriptions

Similarly, any description of elastic-plastic deformation can be dealt with in the same
framework once a proper w is found and the invariance condition is taken into account.
For instance, KRATOCHVIL’s suggestion to write F = EMP [11], with M and P being
invariant in a change of frame, leads to the choice w = (M, P, &) and our theory reduces,
in the viscoplastic case, to [11].

We shall now investigate a far less obvious example. Dealing with wave propagation
[12], CLIFTON introduced instead of (3.14)

(3.17) F = F°F
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with an auxiliary configuration defined to within an arbitrary rotation, so that, following
[13], (3.15) is replaced by

(3.18) F- QF, F -QFQI, F-Q,F.

The thermodynamic state is characterized by At, as defined by (3.1) and wt = F°.
(For the sake of simplicity, the other internal variables @ are omitted). Invariance of the
constitutive equation giving nt as a function of Af, wt under (3.18) shows by the usual
procedure

(3.19) n =xn(C,0,C°, C°=FTFe.

Now, the evolution law will give some measure of the plastic rate of deformation,
which must be objective under (3.18). It follows from [13] that the convected time deriv-

ative A2 of the Eulerian plastic strain tensor A?,

A2 = AP+L7A’+A’L, L =FF!, 2A° = 1-(F@7)!
is a possible choice. The evolution law

Az = Az(At, wt, AY)

can then be reduced to the following form:
(3.20) E? = E?(C, 0, C*, C, 6),
where E? = 1/2 (C—C*) = FTAPF is a plastic strain tensor in the reference configuration.
Since C* = C—2E?, (3.19) and (3.20) show that we can take
(3.21) w = E’.

But this is not the only possible choice. In fact, others will correspond to other objective

plastic strain rate tensors, and in particular to other invariant time derivatives of A”.
For instance, let us define for any symmetric tensor T the invariant time derivative

(3.22) Tr = T+T(RRT)— (RRNT,

where R is the rotation tensor (obtained from the polar decomposition F = RU). Assuming
an evolution law giving A%, a somewhat lengthy calculation shows that we can take

(3.23) w = E,
where EP is a plastic strain tensor defined by
(3.24) 2E? = RTFPFP"R—1 = UG- 'U~1.

This case will be important further on.

This shows that (3.17) leads to some difficulties: there is no natural plastic strain or
plastic strain rate tensor. As shown by (3.21) or (3.24), they all include some coupling
with the elastic deformation.



816 F. SIDOROFF

4. Equivalence of F”F* and F°F”

According to CLIFTON, its decomposition (3.17) is more convenient than (3.14), when
dealing with some problems. On the other hand, it is far less convenient to build a special
theory when physical considerations are used. In particular, some coupling between elastic
and plastic deformations cannot be avoided both in the constitutive equation and in the
evolution law.

It may be interesting to discuss conditions under which (3.17) and (3.14) may be con-
sidered as equivalent. From the formal point of view, they are obviously equivalent, since
(3.16) and (3.21) show that both can be described in terms of a theory with a symmetric
plastic strain tensor in the reference configuration as the internal variable. In particular,
GREEN & NAGHDI’s theory can be considered as being based on (3.17) as well as on (3.14).

We are interested here in some stronger equivalence, namely in the requirement that
plastic and elastic deformations associated to (3.14) and (3.17) be related in some sense.
Let us consider the same deformation gradient tensor F decomposed according to (3.14)
and (3.17) (Fig. 2)

.1) F = F°F? = FPF°.
Intermediate
Reference ; : Actual
configuration configuration configuration

Auxilia
confiquralion

FiG. 2.

From F, F¢, F?, F° and F” are defined the corresponding left and right stretch tensors,
Cauchy-Green tensors and the rotation tensors, for instance:

F=RU=VR, B=FF' =V?) C=FTF=U?
“4.2)
F¢ =R°U° = V°R®, B° = F°F*7 = V*?,

DEFINITION. The two decompositions in (4.1) will be kinematically equivalent if they lead
to the same elastic and plastic principal stretches.

Since U® and U* as well as U? and UP have the same eigenvalues, there exist two
orthogonal tensors Q, and Q, such as

“4.3) Q,UQf =T, Q,UPQf =vr
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and (remembering that the intermediate and auxiliary configurations in Fig. 2 are defined
to within an arbitrary rotation) there exist, among all the possible ones, one intermediate
configuration and one auxiliary configuration, both denoted by asterisks and such that

(4.4) Ue* = Ue*, Ur* = P+,
Using (3.14), (3.17) and (4.2) we obtain
C? = F"B*~'F = URTRC*~'R°TRU,
C? = R’"B’R? = R’’RUC*~'UR"R?,
which shows that if (4.3,) holds and if
(4.5) URTR*Q{ C*~'Q, R"RU = Q,R’"RUC*~ ' UR"R’QT,
then (4.3,) holds too. An obvious solution of (4.5) is
(4.6) Q, =R"R¢, Q, =R"R".
Substituting (4.6,) into (4.3,) shows that if
4.7 U¢ = RTR*U°R*"R = R7V*R,
then (4.3) and thus (4.3,) hold with Q, and Q, given by (4.6). A straightforward calculation
shows that (4.7) is equivalent to
(4.8) RTV?R = U®.
The condition (4.7) or (4.8), which has already been proposed by CLIFTON [12], is a sufficient
(but not necessary) condition for the kinematic equivalence of the two decompositions
in (4.1).
Similar calculations starting from the left stretch tensors V¢, V7, V¢, V? also leads to

the same conditions (4.7) and (4.8) and the results can be summarized in what follows:
THEOREM. If one of the two equivalent conditions

Ut =RTVER or RTV’R = U?

holds, then the two decompositions in (4.1) are kinematically equivalent. Moreover, there
exist one intermediate and one auxiliary configurations defined by

Qt =R'R’, Qf =R'R’

such that the plastic and elastic right stretch tensors associated to both decompositions are
equal

U* = U™, UPr* = UP*
and two other configurations defined by
*Q, = RR’", *Q, = RR*7
such that the left stretch tensors have the same property
*¥ye — *V", *YP — *\_(p_

9 Arch. Mech. Stos. ar 5-6/75
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Let us now come back to the plastic theories based on (3.14) and (3.17). As it has been
shown in subsection 3.3, a theory based on (3.17) is by no means unique. However, the
theory based on (3.22) or (3.23), cumbersome as it may seem, plays an important part,
since it is in some sense, equivalent to the theory based on (3.14). Indeed, let us consider
two theories based on (3.16) and (3.23) respectively, with the same response functions

7w, 2, Y, T. Then, obviously for any process, E? in the first theory will be equal to Er in
the second theory. But it follows from (3.24) and the definition of E? that

4.9) E’ = E” = R"B’R = C?

and (4.8) holds. For all processes the decompositions F = F¢F? = FPF® are kinematically
equivalent.

More generally, given any theory based on (3.14), we may expect to find a theory
based on (3.17) which will be kinematically equivalent, but it seems doubtful whether
this theory can be useful.

5. Conclusion

We have provided a general formalism allowing to deal with all three-dimensional
plasticity theories in a unified framework. From the theoretical point of view, this formalism
is very useful to exhibit the fundamental structure which is essentially the same for all
theories. It is not very convenient, however, for practical purposes: once the appropriate
kinematic description is chosen, according to the kind of material and the kind of problem
considered, the constitutive equations must be elaborated further taking into account the
physical assumptions that will be made. It remains that the essential structure of the theory
is entirely characterized by our formal theory and by the choice of the internal variables.
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