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A crack-thermal stress problem in a doubly connected solid(*) 

K. HERRMANN and R. Ki.JMMERLING (KARLSRUHE) 

THis paper presents the near-field solution for a Griffith-crack in a doubly connected 
thermoelastic solid which is subjected by a well-defined macroscopic thermal stress field. 
The crack-thermal stress problem is solved using the linear theory of quasi-static thermoelastic­
ity as well as an analytical method which is based on the application of complex potentials 
and on the method of integral equations. The crack surface displacement, the elastic crack surface 
energy and also the opening-mode stress intensity factor were calculated. Several numerical 
results are given. 

Praca niniejsza przedstawia rozwicp:anie bliskiego zasie(gu dla szczeliny Griffitha w dwusp6jnym 
termospre(zystym ciele sta}ym, w kt6rym dobrze jest okre8lone pole makroskopowych napr~Ii 
cieplnych. Zagadnienie napre(i:enia termicznego szczeliny zostalo rozwicp:ane w ramach li­
niowej quasi-statycznej teorii termospre(Zysto8ci poslugujctc siC( metodct analitycznll, wykorzy­
stujl!Cll potencjaly zespolone i teori~ r6wnan calkowych. Obliczono przemieszczenie powierzchni 
szczeliny, energi~ spr~zystll powierzchni szczeliny oraz wsp6lczynnik intensywnosci napr~ienia 
otwarcia. Przedstawiono liczne wyniki numeryczne. 

HaCTOHII.\aH pa6oTa npencraBJIHeT peilleHHe B 6JIH31<0H o6JiaCTH nJIH TpeiiUmbl rpn<t><t>ma 
B nsyxcBH3HOM TepMoynpyroM TBepnoM TeJie, B I<OTopoM xopomo onpeneneHo none Mai<po­
CI<on~eci<HX Tep~eci<HX HanpiDKeH;Hii. Tipo6neMa Tep~eci<oro HanpiDKeHHH TpenumLI 
pemeHa B paMI<ax mmeHHOH I<Ba3HCTaT~eCI<OH TeOpHH TepMoynpyrOCTH, llOCJiy>KHBaHCL 
aHaJIHT~eCI<HM MeTonoM HCllOJIL3YIOII.\eM I<OMnJiei<CHbie llOTeHIUfaJibl H Teopmo HHTerpaJILHbiX 
ypasHeHHii. Bb~CJieHLI nepeMell.\eHHH noBepXH;OCTH TpenumLI, ynpyraH :meprHH noBepx­
HOCTH Tpeii.\HHbi, a TaiOKe I<03<l><I>HIU1eHT HHTeHCHBHOCTH HallpiDKeHHH OTI<pbiTHH. flpen­
CTaBJieHbl MHOrHe tiHCJieHHbie pe3yJILTaTbl. 

1. Introduction 

THERMAL fracture of homogeneous and inhomogeneous solids was investigated theoreti­
cally and experimentally in the references [1-15]. It was shown by SIH [3] that in the case 
of thermal fracture crack-tip stress intensity factors can be defined corresponding to those 
for isothermal problems with applied forces. Further, for a crack-thermal stress problem, 
there exists also a characteristic rF 1 '

2
- singularity at the crack tip, where e means a local 

polar coordinate referred to the crack tip. EMERY [6] using a result of reference [16] for 
a two-dimensional edge crack in a half-space gave an approximative solution for two-dimen­
sional cracks located at the inner and outer radii of thick hollow cylinders under transient 
heating conditions. The determination of the stress intensity factor was performed by 
using DuHAMEL's theorem of linear superposition. Thereby the application of the mathe­
matical method used for radial cracks in hollow cylinders depends in effect on the solution 
of the corresponding boundary-value problem for the thermal stresses in the uncracked 
solid. Several experimental results about fracture of brittle materials, especially silicate 

(*) Dedicated to Prof. Dr. Witold NowACKI on the occasion of his 65th birthday. 
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172 K. HERRMANN AND R. KiiMMERLING 

glasses, under the influence of thermal shocks can be found in reference [12], which deals 
.also with the problem of thermal crack propagation. Thereby the crack velocity, the specific 
fracture energy as well as the stress intensity factor of a running crack in a suddenly cooled 
-or heated plate were given in dependence of crack length. The crack velocity was evaluated 
by means of the so-called W ALLNER-lines as well as using the ultrasonic method developed 
by KERKHOF [17, 18]. Finally, BREGMAN and KASSIR [14] dealt in a theoretical investigation 
with the problem of uniform heat flow disturbed by an insulated penny-shaped crack along 
the interface between two semi-infinite elastic media with different thermo-mechanical 
properties. 

The objective of this paper is to present an additional contribution to the crack-thermal 
:stress problem in a linear-elastic, homogeneous, isotropic, doubly connected solid. Therein 
.the cohesive connection of the solid, a concentric hollow cylinder of infinite length with the 
elastic material constants E (YOUNG's modulus), v (POISSON's ratio) and the thermal 
material constant et (linear coefficient of thermal expansion), is disturbed by an internal 
·crack of short length I= b-a with either a, b < x 2 or with a, b > x 2 in such a way that the 
·crack tips x, = a and Xr = bare far enough from the stress-free boundaries r1 (j = 1, 2), 
{cf. Fig. 1). Further, at time t = t* the cracked solid, having for t < t* the temperature 
Te = 0 of the surroundings, gets a thermal shock (cf. Fig. 1 for notation) 

{
0 for x < x2, 

(1.1) T(x, y) = T.o for x > x2 , 

at which we presume x 2 = r 2 cos4J2 > '1· 

y 

FIG. 1. Crack configuration in the cross-section of the doubly connected solid. 
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Owing to the complicated shape of the boundary of the cracked solid a closed solution 
of this crack-thermal stress problem cannot be obtained. Now from a physical point 
of view the stress and displacement state in the neighborhood of the crack tips as well as the 
crack surface energy required for the formation of new surfaces are of special interest. 
Hence in the following we seek for a near-field solution of the problem stated above, which 
allows the calculation of the crack surface displacement, the specific fracture energy as 
well as the stress intensity factor corresponding to Mode I displacement. 

2. Basic equations 

The self-stress state in the cracked solid induced by the thermal shock (1.1) has to fulfil 
the boundary conditions of the tension freedom on the entire boundary rl u r2 u c+ u c-. 
Moreover, a requirement for the uniqueness of the displacement vector u must be added. 
Using the linear theory of quasi-static thermoelasticity for a plane strain state and as­
suming temperature independence of the elastic and thermal material constants as well as 
heat insulation of the solid with respect to its neighborhood, the thermal stress field exist­
ing in the cracked doubly connected solid can be decomposed into two parts: 

1) a regular stress field in the uncracked doubly connected solid, and 
2) a corrective stress field with two singularities at the crack tips of magnitude e- 1

'
2

, 

where e is a local polar coordinate referred to the crack tip. 
As it is noticed by KRoNER [19], self-stresses induced in a solid by a heterogeneous 

temperature distribution can be integrated into the continuum theory of stationary dislo­
cations. The basic equations read 

(2.1) 

(2.2) 

(2.3) 

au = 2,u { EiJ + T ~ Zv eubu} , 

(Jij,i = 0, 

where for the present the arbitrary heterogeneous temperature distribution function 
T = T(x, y) belongs to class c<2> and euk means the asymmetrical LEVI-CIVITA tensor. 
Further, the sum of the incompatible strains eu and of the incompatible extra-strains a.TbiJ 
gives the compatible strains 

(2.4) 

which are related to the undistorted initial state and derivable from a steady displacement 
vector u. Moreover, the boundary conditions of the tension freedom of the surface (ni = 

= inner normal) 

(2.5) 

are to be added. 

3 Arch. Mech. Stos. nr 2176 
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3. Boundary-value problem of the uncracked solid 

The regular self-stress field induced in the doubly connected uncracked solid by the 
thermal shock (1.1) given by means of DIRICHLE'f's discontinuous function as 

(3.1) T( "') = T0 J t) expz(rcosf/J-r2cosf/J2) d . 
r' 'Y 2ni I z z' z = x + zy 

can be obtained from the solution of the following boundary-value problem 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

V4 tl>0 (r, 4>) = 0, 

V 2 tl> 1 (r, 4>) = 
1
Er:t. T(r, 4>) , 
-Y 

[ 
1 o2tl>(r,fj>) + 1 otl>(r,f/J)J _ 0 j = 1, 2 r 2 of/>2 r or r=rJ - ' 

[
- ~{ 1 ot!>(r, 4>) }] = 0 

or r of/> r=r} 

with the definition of the AIRY stress function 

(3.6) 

Further, the complete determination of the function «l>(r, 4>) requires the consideration 
of the displacement field. Because of the double connection of the uncracked solid it has 
to be proved that the displacement vector u is a unique function of the variables r and 4> 
in the region !l. The solution of the boundary-value problem (3.2)-(3.6), the AIRY stress 
function t!>(r, 4>), was given in reference [20] using complex potentials and proper power 
series. Considering the well-known formulae 

(3.7) <f. ( "') = ~1 o2tl>(r' 4>) 1 ot!>(r' 4>) 
rr r' o/ r 2 of/> 2 + r or ' 

(3.8) ~ ( "') = o
2
tl>(r' 4>) 

tfJIP r' o/ or2 ' 

(3.9) <f. ( "') = _ !____{ 1 otl>(r, 4>)} 
rtp r' o/ or r of/> ' 

the regular stress state belonging to the AIRY stress function <l>(r, 4>) can be calculated. 
The corresponding expressions were presented in the paper cited above. Then the stress 
eT,, on the prospective crack line has the shape 

l 2 {0 l 0 2 
(3.10) a~,(x,O) = cT,,(x,O)+a~,(x,O) =M P+Px-4+Arfx-2+Px2 

00 {2 
+ ~-1- (P3 x--2n-2_p4 _x-2"+Ps _x2n-2_p6 i2")} +M Qx-3 .L.J 

2
J(2n) 2n 2n 2n 2n 

"=2 
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1 2 

where the two stresses a~, and <T,, correspond to the even and to the odd parts of the stress 
a;,<x, 0). The meaning of the abbreviations used in the Eq. (3.10) is given in the appendix I, 
formulae (A.I.l)-(A.I.7). The sign of the stress <Tyy(x, 0) decides, whether a crack located 
at a ~ x ~ b, y = 0 will be open or tend to close. Opening takes place only if a;y( .X, 0) 
is a tension over the prospective crack line. Figure 2 shows the distribution of the stress 

-1 

-2 

-4 

-8 +----+ 

r, :0.1, T0< 0 

1; ~2:0.15 

2; x2:0.3 

3; x2 =0.45 

..... 

FIG. 2. Normal stress distribution in the symmetry line y = 0 of the uncracked solid in the environment 
of the discontinuity area of the temperature distribution. 

<Tyy(x, 0) in the symmetry line y = 0 in the environment of the discontinuity area 6 of the 
temperature distribution for T0 < 0 without consideration of the material factor IMI. 

It can be seen that the stress experiences a change of sign at .X = x2 • Therefore a crack 
going through the discontinuity area 6 of the temperature distribution would be partially 
closed. 
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4. Mixed boundary-value problem for the corrective stress field 

The corrective stress field arises due to a stress distribution 

(4.1) a~,(x, 0) = - a;>'(x, 0), 

a~ x ~ b; 

(4.2) a~>'(x,O) = 0, 

along the faces c+ u c- of the crack. Moreover, the corrective stress field has to satisfy 
the conditions of the tension freedom on the boundary rl u r2 
(4.3) <f,.r(rj, </>) = 0, 

j = 1, 2. 

(4.4) 

A closed solution of the boundary-value problem stated in the Eqs. (4.1)-(4.4) cannot 
be given because of the complicated shape of the boundary of the cracked solid. But by 
assuming a small crack with I ~ (r2 -r1) and with crack tips far enough from the surfaces 
F 1 and F 2 according to the inequalities I ~ (a-r1) and I ~ (r2 -b), an approximative 
expression of the corrective stress field can be obtained from the solution of the following 
mixed boundary-value problem 

(4.5) 

(4.6) 

(4.7) 

a~>'(~, 0) = -a;>'(~, 0), 

a~>'(~,O) = 0, 

u~(~, 0) = 0, 

y = 0' 1~1 ~ <5' 
y = 0, V~, 

y = 0, '~' > 15, 
with the abbreviations to apply 

(4.8) 
_ a+b 
Xo=--

2r2 ' 
b-a 

<5=--
2r2 · 

Besides, the crack is e~pbedded in an infinite medium, at which the crack faces c+ uc­
experience the stress field due to the thermally stressed geometry in Fig. 1. Considering the 
assumptions made about the position and the length of the internal crack this procedure 
should be justified because, from a physical point of view, the corrective stress field repre­
sents a small perturbation, at which only the stress and displacement state in the neighbour­
hood of the crack gives a remarkable contribution. Now a solution of the mixed boundary­
value problem (4.5)-(4.7) can be given using an analytical method [21] based on the appli­
cation of complex variable technique and on the method of integral equations. Therein 
the expressions for the stress a~>' and for the displacement u~ on'the line z = z can be repre­
sented by means of one complex potential 'f(z) according to 

(4.9) 

(4.10) 

a~>'(~, 0) = 2{'f'(z)+'Y'{Z)}, 

u~(~, 0) = 2(1-v) i {'Y(Z)- 'l'(z)}, 
11-

provided the following conditions hold for y--+ ±0: 

(4.11) y'l'' (z) --. o, y'l'" (Z) --. o. 

Moreover, they have to hold for lzl --+ oo: 'f'(z) = O(l/z2
). Then the complex potential 

'Y(z) can be given by means of the integral 
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6 

(4.12) 'Y(z) = J A 1(t)+zA 2 (t) dt, 
o Jl'z2-t2 

where the functions .t1i(t), (j = 1, 2) are the solutions of a pair of ABEL type integral 
equations 

( 4. I 3) 

~ 

4 _!!_ J' ~.!12(t) d = - (I:) 
d'l: . t (V2 " ' 

"o ve-t2 
(4.14) 

Therein the right-hand sides of the integral equations (4.13)-(4.14) leaving out signs 
1 2 

correspond to the even part a~y(x, 0) and to the odd part a~y(x, 0) of the stress a~y(x, 0) 
according to the Eq. (3.1 0). Using the latter equation and by truncation of the power series 
after the second term, the solutions of the integral equations (4.13)-(4.14) have the follow­
ing shape 

t J' cvt (u) M t I n o o 2 (4.15) . l 1 (t) = - -- _. du = - - - P+Ar 1 J 1 2n 
0 

l/t 2 _ u2 2n 2 

( 
2 

1 5) 1 ( 1 5 1 6) 1 6 I + P+ · -<4> P4 J_,+ -2 -<6> -P6- ·- <4> P4 J_2--=-(6)P6J-3, 
~ J A . M 

(4.16) 

1 ( 1 5 1 6) 1 p6 l +-2 - <s> Ps- --=(3)p3 L_~- --<5 > 5L-2(' 
j j 211 1 

where the applied abbreviations can be found in the appendix I, formulae (A.I.1)-(A.I.7) 
and in the appendix II, formulae (A.II.1). Finally, by means of the solutions (4.15) and 
(4.16) of the integral equations (4.13) and (4.14) and using the formulae (4.10) and (4.12), 
one obtains the following real integral for the desired crack surface displacement of the 
upper face c+ of the crack 

{J 

(4.17) u~(~ , 0) = - 4(1-v) J A 1 (t)+~Az(t) dt = _3_(l+v)aT)J~(Ss+~Ts) 
fl ~ lt2-~2 n2 1 

I~ ! J' 

+ ..t [ ( ~ JT-J~) (SmHT.)+J'N(Sm+aHTm+s)+J:r(s.+ 1s HT.w)]l· 
1'1=1 
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The abbreviations used in formulae (4.17) are defined in the appendix Il, formulae 
(A.ll.1 )-(A.U.4). 

By means of the crack surface displacement (4.17), the elastic surface energy required 
for the formation of new surfaces c+ u c- in a specimen of unit thickness can be given 
according to the formula 

6 

(4.18) U = - f ~,(~, O)u;(~, O)d~. 
-6 

Further, the strain energy release rate for the Mode I displacement can be obtained, which 
is defined by the integral 

6 

(4.19) a.=-~ a~ J ~7(~,0)u;(~,O)d~. 
-6 

The integrals in the formulae (4.18) and (4.19) cannot be expressed by a finite combina­
tion of elementary functions. Therefore the calculation has to be performed numerically. 
Finally, by using formula (4.19) and the IRWIN-relation 

(4.20) 
1-v2 

a1 =~Kf, 

the opening-mode stress intensity factor can be given. 
According to the formulae (4.19) and (4.20) the expressions for the strain energy re­

lease rate a1 and for the stress intensity factor K1 become functions of the quantities (} 
(half of the crack length), x0 (position of the centre of the crack), x2 (position of the dis­
continuity area of temperature) as well as of the temperature T0 • Thereby both formulae 
mentioned above are related to the crack tip which is most vulnerable to propagate. The 
latter behaviour is dependent on the position of the corresponding crack tip relative to 
the discontinuity area 6 of the temperature and on the stress distribution <fy, acting on 
the prospective crack line (cf. Fig. 2). Therefore the Figs. 7-9 given in chapter 5 show the 
energy release rate and the opening-mode stress intensity factor related to the crack tip 
which is most vulnerable to propagate in dependence on crack length and for several ma­
terials. In case of Fig. 8 for instance the crack tip mentioned above lies at point Xt = a 

because the position of the crack, (x0 = 0.40), is on the right-hand side of the discontinuity 
area 6, (x2 = 0.30), and by consideration of the stress distribution <fy7 (cf. Fig. 2) acting 
on the prospective crack line for this crack tip only the stress intensity factor K1 increases 
with increasing crack length. Similar considerations lead to the results shown in Figs. 7 
and 9. As a further example Fig. 10 shows the calculated values of the stress intensity fac­
tor K1 of the material PMMA 233 attached to the crack tips xt = a and Xt = b, respec­
tively, for several positions of the crack with respect to the discontinuity area 6 of the tem­
perature. Finally, the respective second value of the stress intensity factor can be obtained 
by letting the crack length unaltered and by an appropriate variation of the parameter x0 • 

Of course, due to the stress distribution a;, (cf. Fig. 2) acting on the prospective crack 
line, the stress intensity factors at both crack tips are different in general, but in spite of 
the asymmetric behaviour of the crack surface displacement, as is shown in Figs. 3-5, 
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the differences between the values of the stress intensity factor K1 at point Xt = a and 
xt = b, respectively, become small because of the assumptions about the position and the 
length of the crack made in chapter 4. 

5. Numerical results and discussions 

The numerical calculations were performed on the computer UNIVAC 1108 of 
the University of Karlsruhe. 

According to formula (4.17) Figs. 3-5 show the displacement distribution u~ of the 
upper crack face c+ for several crack lengths and with the quantities x2 and x0 as pa-

rameters without consideration of the material factor IN/ = 4 (1 +v)alT0 j. The curves 
'JT, 

have a remarkable asymmetry which can be explained according to Fig. 2 by the action 
of the stress distribution <T;y along the crack line. Further it should be noticed that, due to 

1 2 

the truncation of the power series of the stresses <T;y and <T;y, the even and the odd parts 
of the regular stress distribution <T;y{.x , 0), (cf. formula (3 .l 0) ), the numerical calculation 
of the crack surface displacement gives a discontinuity at point ~ = 0, that means, u~ 
goes to infinity there. From a physical point of view this mathematical discontinuity is 
unrealistic and therefore as value at point ~ = 0 the limit value was chosen, which is ob­
tainable by approximation from ~ < 0 and ~ > 0, respectively. Further, the numerical 
calculation error of the stress a;Y which influences also the value of the crack surface dis­
placement becomes smaller if the discontinuity area 6 of the temperature distribution 
approaches the outer surface F2 • For example, the error of calculation is smaller than 6% 
for .Y2 = 0.15 and x ~ 0.475, smaller than 2,5% for x2 = 0.3 and x ~ 0.475 and smaller 
than 0.2% for x2 = 0.45 and x ~ 0.375. By contrast, the error of calculation becomes 
greater if for a fixed value of x2 the value of x goes to one. Therein all calculations were 
performed for a radius ratio r 1 = 0.1. 

By means of the crack surface displacement u~ the elastic surface energy required for 
the formation of new surfaces c+ uc- can be calculated according to formula (4.18). 
Figure 6 gives the value of the crack surface energy U = Uf MN for several crack lengths 
(bmax = 2.5 · I0- 2

) and with the quantities x0 and x2 as parameters. It can be seen that the 
value of U increases with increasing crack length. 

Further, Fig. 7 shows the strain energy release rate G1 in dependence on crack length 
and with the same parameters as for the calculation of U. 

Finally, the knowledge of the specific fracture energy also allows the calculation of the 
stress intensity factor according to IRVIN's formula (4.20). Figures 8-9 give the opening­
mode stress intensity factor K1 for several materials by consideration of the temperature 
dependence on the elastic and thermal material constants in dependence on crack length 
and with the quantities x0 and x2 as well as the temperature T0 as parameters. Thereby 
Fig. 8 shows that the stress intensity factor increases with increasing crack length and with 
a decreasing value of the temperature T0 • 

Because of the position of the crack on the right-hand side of the discontinuity area 6, 
a crack opening due to tensile stresses takes place only if the temperature T0 is negative 
(cf. Fig. 2). It should be noticed that the convergence of the numerical calculations be-
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i 2=0.15 ·, i 0=0.25 
T0<0 

1; 6:5·10-3 

2; 6:1 ·10-2 

3; 6:1.5:10-2 

-2 
4; 6:2.0·10 

i 2=0.3 
-2 

5:1-10 • io=Q2 
-2 ( lQ>O) 

5 =2·10 , x0:Q2 
-2 

6=1·10 x0=0.4 
6:2·10-2 : io=0.4 (~<O) 

x2 =0.45, x0:0.25 

1(,>0 

-3 
1; 6=5·10 
2; 6 =1-10-2 

3; 6:1.5·10-2 

4; 6:20·10-2 

Fros. 3-5. Crack surface displacement of the upper crack face c+ for several crack lengths and different 
positions of the centre of the crack as well as of the discontinuity area of thet emperature distribution. 
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0 0.2 0.4 0.6 0.8 1.0 

1; ll2=0.3, ll0:0.45 

2; ll2=0.15, ll0 =0.45 

3; ll2=0.3, x0:0.4 

4; x2:0.45, ll 0 :0.35 

FIG. 6. Elastic crack surface energy in dependence on crack length. 

1.00 

075--

1; x2:0.45, ll0:0.35 

2; x2=0.15, x0:0.45 

3; ll2:0.30, ll0 :0.45 

4; x2=0.30, ll0 =0.40 

050 - ·· - - __ ' - -· 

015+---+---

0 0.2 0.4 0.6 

-·--j 

0.8 1.0 

18k 

FIG. 7. Specific fracture energy at the crack tips Xt = a (graphs 2, 3, 4) and X r = b (graph 1), respectively,. 
in dependence on crack length. 

comes weaker if the crack length becomes very small. Therefore for ~~~max < 0.2 the val­
ues of the stress intensity factor K1 were obtained by an extrapolation. Figure 9 shows. 
the opening-mode stress intensity factor for three different materials, the optical glasses. 
LASF 1 and FK 50 as well as PMMA 233. 
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Glass FK 50 
x 2:0.30 I x0 :0.40 

10+-----4-----~----~-----+----~ 

0 0.2 0.4 0.6 0.8 1.0 

FIG. 8. Opening-mode stress intensity factor at the crack tip x, = a of the optical glass FK 50 in dependence 
on crack length for a special position of the centre of the crack and with the temperature T0 as a parameter. 

[~12 N/mm2] 
KI 
10+-----r-----+-----.-----~~----~ 

6 

0 02 0.4 0.6 0.8 1.0 

1;4: La SF 1 

2;5: FK 50 

3;6: PMMA 233 

x2=0.45 I xo=035} 
To = 50'C 4,5,6 

6 

6max 

FIG. 9. Stress intensity factor at the crack tips x, =a (graphs 1, 2, 3) and Xr = b (graphs 4,5, 6), respec­
tively, of three different materials in dependence on crack length. 

It can be seen from Fig. 9 that the K1-value of Polymethylmethacryalate for both posi­
tions of a crack is smaller than in the other two cases in spite of its high coefficient of ther­
mal expansion because PMMA is relatively soft. Finally, Fig. 10 shows the value of the 
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FIG. 10. Stress intensity factor at the crack tips 
x, =a and x, = b, respectively, of PMMA 233 
in dependence on the position of the centre of the 
crack and with the crack length as a parameter. 

~0 

0.15 

0.20 

0.40 

0.45 

183 

PMMA 233 

~ :0.1 1 ~2:0.3 

T0 = t so•c 

6 Kl Xt 

0.020 1.45 

0.025 1.82 
a 

0.020 1.31 
b 

0.025 1.68 

0.020 2.93 
0.025 3.24 

a 

0.020 2.69 
0.025 2.98 

a 

stress intensity factor of PMMA 233 in dependence on the position of the centre of the 
crack and with 15 (half of the crack length) as a parameter. By means of Fig. 2 this table 
gives the possibility to attach the calculated values of K1 to the crack tips xt = a and 
Xc = b, respectively. It should be remarked that the stress intensity factors at both crack 
tips are different in general, but this difference is not too large due to the chosen position 
and the length of the crack. 

In case of cracks of great length where the surfaces F1 and F2 , respectively, strongly 
influence the stress concentration at both crack tips Xc = a and xt = b, the analytical 
method ofreference[21]cannot be used any longer. Then a determination of the crack surface 
displacement caused by the tensile stress a~y{x, 0) acting on the crack line a ~ x ~ b, 
y = 0 can for example take place by the finite element method. In this case, using a deforma­
tion conforming finite element program, only the displacements of nodal points on the 
crack face are of interest. Further, the displacements will be small with increased distance 
from the crack, since only the two crack faces are subjected to loading. 

Finally, the calculation of the opening-mode stress intensity factor could be performed 
also by means of the well-known J-integral [22]. Using a proposal made in reference [23] 
a rectangular integration-path far enough from the crack tip can be chosen. Then the sin­
gular stress field at the crack tip does not influence essentially the behaviour of the ma­
terial along this way. 

From a physical point of view the crack-thermal stress problem treated in the previous 
sections is of significance for the study of the behaviour of small initial cracks in a brittle 
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material stressed by well-defined macroscopic thermal stresses. Hence for a judgment of 
the strength of such a material containing subcritical cracks, the knowledge of the elastic 
crack surface energy required for the formation of new surfaces is important. This energy 
represents a part of the elastic self-stress energy stored up in the originally uncracked spec­
imen. Hence in case of a crack formation in a primarily uncracked solid a relaxation of 
the specimen takes place up to the point where the crack is arrested due to the shortness 
of the elastic self-stress energy. Thus self-stress fracture represents the inverse case of 
fracture under the influence of external loading concerning the velocity of crack propaga­
tion. 

Appendix I 

The applied abbreviations in the Eq. (3.10) are: 

(A.I.l.a-d) 

(A.I.2.a-g) 

M= __ ErxT0 

2.n(1-v) ' {
0 for x < X2 

c-
- 1 for x > x2' 

o o 1 o o o o 
P = -.nC+A+~(B+C+F+J), 

L1<2) 

2 1 0 0 0 

P = =-- ( -E+H-L), 
j(2) 

1 1 0 0 0 

P =-=- (D+G-K), 
LJ<2> 

P;, = Am+2N;,+2BmN!+Dm+2N!1
, P;, = Am+2N~+2BmN~+Dm+2N~2 , 

P! = Am+2N!+2BmN!-2Cm+2N!+Dm+ 2 N! 3
, m ~ 3; 

1 0 2 0 

(A.I.3.a-b) Q = 3 M, Q = rtM; 

0 0 0 

c = c/>2('1 6 +3r1 2 -4), n = 3</J2U1 2
- rf), E = 12c1>2U 14

-; 12
), 

0 0 
F = sin 2c/> 2(- r1 6

- 71 2 +2), G = sin 2</1 2 (2-371 2 + rD, 

0 

H = 2sin2</J2U1~+2r14 -3r12), 0 1 . 4"" (- 6 - 2) J = 4 sm 'f' 2 r 1 - r 1 , 

KO 1 . 4"" (4 3--2 -2) = 4 sm 'f'2 - r 1 - r 1 , 

0 

L = sin4</J2(r1 6
- r14

), 
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(A.I.5.a-b) 

(A.I.6.a-d) 

3<2
> = r} 6 -4r!4 +6r! 2 + r~-4, 

J<m> = r} 2m-m2 r} 2 -m2 rf+ T~m+2(m2 -l), m> 2; 

m-4 . m-4 . 
Am= - -

2 
sm(m-2)</J2 ---smm</J2 , 

m- m 

Bm = _!_
2 

sin(m-2)</J2 -sinm</J2 + m-
2
1 

sin(m+2)</J2 , 
m- m+ 

Cm= - m 
2 

sin(m-2)</J2 -sinm</J2 , 
m-

m~ 3; 

N~ = m(r~+mr~m-(m+l)r~m+2 ), N~ = (m-2)(1+(m-l)r~m-mrfm+ 2), 

N~ = m(m+(l-m)rf-r~m+;.), N! = (m+2)(m+l-mrf-rfm), 

(A.I.7.a-m)N~ = (m+l)(I-r~~), N! = (m-2)(r1 2 -r~m), 

N~ = m 2 -l+r12m-m2 rf, N! = (m2 +3m+2)(r! 2 -l), 

N! = 2(mz-I)+ r}zm_mzr 1z-mzrf+ ;~m, 

N~0 = (m+2)rf-m 2 rtm+(m2 -m-2)rfm+z, 

N~ 1 = (m-2)(1+(1-m)rfm+(m-2)rfm+z), 

N~! = m2 -(m2 +m-2)rf+(m-2)r~m+z, 

N~3 = (m+2)(m+l-(m+2)rf+r~m), m~ 3. 

Appendix 11 

The abbreviations used in the formulae (4.15)-(4.17) mean: 

m= -3,-2,-1,1,2,3,4, 

(A.II.I.a-b) 

(A.II.2.a-b) 

m= -2, -1,0,2,3,4; 

6 

r tdt = Jlm, 
. (x~- t2)my' (.X~- t2)(t2- e) 

1!;1 

m = 1, 2, ... , 7, 
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tJ 

(A.II.2.c-d) 
f dt = 13, m = 0, 1 , 2, ... , 7, 
~~~ c.x~-t2)"'yt2-e 

{j 

f t"'dt = J"' 1 2 7 
.I 2 2 4 ' nz = ' ' ... ' ; 

1 ~ 1 y t -~ 

= ~- {2_(_1 p3 __ 1 p4)+x2(; __ 1 .p4)} 
s3 2 xl 8 J<4> 4 J<6> 6 0 2Lf<4> 4 . ' 

s = 397 .xz p3 
7 32 j(6) 

6
' 

s = _1_ .Xo7 p3 _1_.x-s (-1_p3 __ 1_p4) 
8 14 .J{6> 6 + 10 0 J<4> 4 Lf<6> 6 

(A.U.3.a-p) 1 - 3 ( I 1 4) - lAO N 2 +-
3 

x 0 P--=-P4 +x0 r 1 ; 
2.:1<4> 

S =- ----- +~x- --P --- + x --- 4, 1 { 1 .Xo
3 

P3 1 , 1( 1 3 1 P4) 7_ (P
1 

1 p4) 
10 3 560 j(6) 6 80 0 L1 (4) 4 L1 (4) 6 0 2Lf<4> 

s = _ _!__ {___2!_ i o 
1 

P 3 + 449 x (-1-P3 __ 1_p4) 
11 2 1680 .LJ<6) 6 120 ° j(4) 4 _j(6) 6 

+5x~(P- -!:-Pt)}, 2L1<4) 

13 = -Xo ----P6+--xo -=-P4--=-P6 S 1 ""3{ 611 3 355 -2 ( 1 3 1 4)} 
8 5.LJ<6> 6 j(4) .LJ<6) ' 
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S = 209 x~ p 3 
14 8 j(6) 6' 

S16 =- +xo +--- 4 +-xo -==--P6--==--p4 ---==--P6 . :n; {po .. 2 (p
2 

1 ps) 1 .. 4 ( 1 5 1 6) 1 X g 6} 
2 2LJ<4> 2 LJ<6> j(4) 2 j(6) ' 

11 = Xo +--=--- 4 + Xo -==-- 6--==--P4 - -==--P6 S .. {2 (p2 
1 ps) 2"' 2 ( 1 ps 1 6) 3 x6 6} 

2LJ<4> j(6) LJ<4) j(6) ' 

1s =- P+---P4+-xo -=--P6--=-P4 ---==--P6 S n { 
2 

1 5 3 .. 2 ( 1 s 1 6) 15 x~ 6} 
2 2LJ<4> 2 Ll (6) .LI (4) 4 Ll (6) ' 

(A.II.3.q-v) 19 = -Xo -==--P6--=-P4-5-==--P6 S 4 .. { 1 5 1 6 x~ 6 } 

3 .LJ(6) .LJ<4> LJ<6) ' 

S2o =- -==--P6--==--P4-15-==--P6 3n { 1 s 1 6 x~ 6} 

32 L1 (6) Ll (4) L1 (6) ' 

8 Xo 6 
s21 = - --==--P6 5 LJ(6) ' 

15 :n; 6 
S22 = -- -==--P6 · 

64 LJ<6> ' 

T1 = 0 T2 = _2_xo(Q--l-P~) T3 = ~xo( 1 -P~- l Pt) ' 2 2LJ(3) ' 16 LJ(3) LJ(S) ' 

'T' 35 - { 1 3 2 .. 2 ( 1 3 1 4)} 
.1. 4 = - .---3

2 
X o -==-- p S + X o -=-p 3- -==-- p S , 

LJ<5) .LJ<3) .LJ<5) 

T. = _ 231 x~ 3 
6 32 Lf<5> Ps' T7 = 0, 

T8 =- 2 Q+--=---P3 +x0 ~P5 -~P3 ---=---Ps x o { ( 
1 

1 5) .. 2 ( 1 5 1 6) x6 6} 
2 2.LJ(3) .LJ(5) .LJ<3) LJCS) ' 

r, = _ xo _ xo pa+ xo __ p3 ___ p4 + ___ p4 - 1 1 - 4 .. 2 ( 1 1 ) ( 2 1 )} 
• 2 ho .1<•) s !2 Lt<•) 3 Lt<•) • . Q 2Lf<3) 3 , 

(A.II.4.a-p) T1o = 2
1 
{- x~

3 

Pg+ x
2
°
4

1 

( 
1 P~- 1 

Pt)+3x 0 (Q- -l-P~)}' 4Q.LJ(5) .LJ<3) .LJ(S) 2.LJ(3) 

11 =- ----=--P5+5xo -=--P3--=--P5 T 1 { 19 XQ'
1 

3 - ( 1 3 1 4)} 

3 160 LJ<5> .LJ<3> .LJ(5) ' 

T = xo{__E_!__p3_ 55 x2 (_1_p3 __ 1_p4 )} T
13 

= _ 287 x~ pg· 
12 16 10Lf<5> s 3 o .LJ<3> 3 .LJ<5> 5 ' 32 LJ<S> ' 

- 231 xg 3 
T14- -

32 
-=-Ps, T15 = 0, j(5) 

16 =- +---P3 +3xo -=--Ps--=-Pa -5--=-Ps T n {2 (Q1 
1 5) _ 2 ( 1 5 1 6) x~ 6~ 

8 2Lf<3) .LJ<S) .LJ<3) j(S) ' 
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(A.II.4.q-v) T = x {-l_p5 __ l_p6 _ __!Q_ x~ p6l 
1 1 o Lf<5> 5 J<3> 3 3 J<5> 5 ' 
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