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On the stability of the boundary layer along a concave wall

TH. HERBERT (FREIBURG)

Various approaches for investigating the linear stability of the laminar boundary layer along
a concave wall with respect to Gortler vortices are compared concerning their order in the two
small parameters, wall curvature and inverse Reynolds number, as well as the treatment of the
curvature terms. Numerical results show separately the effects of wall curvature, streamline
curvature and its finite extent on the neutral conditions. The influence of the growing boundary
layer thickness on the stability characteristics is estimated and found to be of first order.

Pordéwnano rdéine metody badania liniowej stateczno$ci laminarnej warstwy przysciennej
wzdluz wkleslej sciany (wirdw Gortlera) ze wzgledu na rzad dwoch malych parametrow: krzy-
wizny $ciany i odwrotnosci liczby Reynoldsa i uwzgledniania czlonéw z krzywizna. Wyniki
liczbowe pokazuja odpowiednio wplyw krzywizny sciany, krzywizny linii pradu i jej skornczo-
nego wydluzenia na warunki neutralne. Opracowano wplyw wzrostu grubosci warstwy przy-
$ciennej na charakterystyke statecznosci i wykazano, Ze jest pierwszego rzedu.

CpaBHeHb! pasHble TOAXOABI K MCC/AEHOBAHHIO JIMHEHHOH YCTOWYMBOCTH JIAMHHApHOIO IIO-
TPaHAYHIrd CIJA BI b BOrHYTod creHki (Buxpa [epiepa) H3-3a mOpAOKA ABYX MambIX Ma

PamMeTpIB: KPHBH3HBI CTEHKH M 00paTHOI BeJIMYHHBI yKcla PeifHonb/ca 1 H3-32 yYeTa YWICHOB
C KpHBHM3HOH. YHCnoBBIE pe3yNbTaThl IOKA3BIBAIOT COOTBETCTBEHHO BJIMAHME KPHBH3HBI
CTEHKH, KPUBH3HBI JIMHUM TOKA M €€ KOHEUHOr0 Y/JIMHEeHUA Ha HeyTpa/bHble yenoBusa. OGcym-
JIEHO BJIMSTHME POCTa TOJIIHHBI MTOTPAHUYHOr0 CNIOA HAa XapaKTepUCTHKY YCTOHYMBOCTH M HO-
Ka3aHo, UTO OHA TEPBOro MOPALKaA.

1. Introduction

THE OCCURRENCE of centrifugal instability in boundary layers along concave walls was
first predicted theoretically by GORTLER[1] and is at present, well-established. The question
of stability holds an important place not only within the context of heat exchange problems
but also in studies of the transition region from laminar to turbulent boundary layer flow
where experimental observations indicated vortex structures.

Obviously, an intensified appearance of the counterrotating longitudinal vortices
cannot directly lead to turbulence, without a coupling with time-periodic disturbances,
such as Tollmien-Schlichting waves or oblique waves. Experimental studies in the non-
linear region show, indeed, meandering or pulsating vortices before breakdown sets in.
Theoretical investigation of this coupling process would be an interesting application
of the non-linear stability theory. It turns out, however, that the basis provided by the linear
theory is rather incomplete and, partly, not sufficiently reliable.

Instability of the boundary layer flow along concave walls with respect to Tollmien-
Schlichting waves has been studied by GORTLER [2]. He succeeded in extending the Rayleigh-
Tollmien theorem to curved walls and found a slightly stabilizing influence of concave
curvature. This seems to be the only investigation of time-periodic disturbances so that,
up to now, even the neutral curve is unknown. Insofar as oblique waves are concerned,
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all attempts failed to extend Squire’s theorem to the present configuration. TOLLMIEN
and GROHNE [3] mention some unpublished work showing Squire’s theorem not to be
generally valid for concave walls. This result seems physically meaningful since a small
deviation of the vortex axis from the streamwise direction should, by no means, change
the stability limit in a radical way.

The usual assumption that curvature is of minor importance with regard to the proper-
ties of time-periodic disturbances is, therefore, not generally justified.

Considering the longitudinal vortices we find that the various theoretical investigations
disagree as to the details of the formulation of the problem and as to their conclusions
even on fundamental properties. For illustration let us take Fig. 1 which shows a survey
of various neutral curves taken from the literature. All these curves are presumed to be
the boundary between regions of stability and instability of the boundary layer flow with
respect to Gortler vortices of wave number 4, measured in terms of the Gortler number G.
This survey is not at all complete. Some curves which resulted from inappropriate numerical
treatment of the equations were left out.
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F1G. 1. Various neutral curves obtained with the parallel flow assumption.
(1) GorTLER [1], (2) HAMMERLIN [9], (3) HA IN [10], (4) HA N [12), (5) ScauLTz-Grunow and Beumauani [8],
(6) KaHAWITA and MeroONEY [14], and with the tra velocity included (7) Smrra [11], (8) KanawiTA and MERO-
NEY [14].

It is inevitable that progress in analyzing vortex instability of boundary layers can
only be achieved by using strong assumptions without a strict mathematical justification.
Apart from the simplifications regarding the curvature of the flow, the assumptions mostly
used were those successfully applied in treating the resistive wave instability of the
flat-plate boundary layer. The latter is essentially connected with local properties of
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the basic velocity profile close to the critical layer. Vortex instability, however, is controlled
by the more global balance of centrifugal forces with the other forces acting in the flow.
Therefore, flow conditions outside the boundary layer must be carefully taken into account.

It is the aim of the following work to discuss various assumptions and to compare
neutral curves resulting from different approximations by using a highly accurate numerical
procedure. An improved analysis is suggested including the growing thickness of the
boundary layer as well as the downstream variations of the vortex shape.

2. The governing equations

We shall consider the flow of a viscous incompressible fluid along a concave wall
(Fig. 2). x represents the distance in the direction of the basic flow, measured along the
wall from the leading edge, y (< 0) the distance normal to the wall and z the orthogonal
coordinate in the spanwise direction. The velocity components in the directions x, y, z
are u, v, w, respectively. k = 1[ry is the curvature of the wall, which is a continuous
function £ = k(x) and is positive for concave walls. The equations governing the flow
are the Navier-Stokes equations. In orthogonal curvilinear coordinates they are found
([4], where k is negative for concave walls) to be
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and two similar equations in v and w. Here, p, 0 and » are respectively the pressure, density
and kinematic viscosity. The continuity equation is

1 du " ov kv % w
l—ky éx = 0y 1—ky oz
In linear stability theory we consider, as usual, the flow as a superposition of a steady,
two-dimensional basic flow and small disturbances in the form
uo(x, Y +u(x,y,2,1),
v = 'Uo(Ia y)+t'1(x, Vi 2, f),
Wi wl(x$ya zs t)s
p Po(x, )+P1(—",y; Z, I)'

.2

u

(2.3)
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Introducing Eq. (2.3) into Egs. (2.1), (2.2) and linearizing in the disturbances yields two
separate sets of equations respectively for the basic flow and the disturbances.

2.1. The basic flow

Even prior to the numerical analysis, the equations for the basic flow must be simplified
by means of an order of magnitude analysis. The equations may be made non-dimension-
al by substituting

x = xoX = RedX, y=248Y, k=Ko,
2.4) uo = UgU, w5 = UV = UpyV[Re, po, = pUZP,
é = (vxo/Up)"?, Re = Uyd/r, &= 1/Re,
where U, is the free stream velocity, x, the distance from the leading edge, 6 the boundary
layer thickness (*) and Re the Reynolds number. The relative magnitude of the terms may
then be estimated in terms of the parameters ¢ and K which are both assumed to be small.

Withe €1, K € 1,dK/dX < 1, and ¢ and K being of the same order of magnitude,

the equations reduce to

1 U oU K 1 op oW
Tk Vax V' ar kv YV TRy e tavE
., Kk o ( K ’U
1-KY Y  \1-KY]
K .,  op
2-5) = e
1 U K
1—KY6X+“ xr =5

where all the neglected terms are of the relative order ¢ or less. A self-similar solution
of these equations was found by MurPHY [5] and improved by ScHULTZ-GRUNOW and
Breuer [6] for walls with K = const., i.e., with the radius of curvature proportional
to the boundary layer thickness.

In contrast to the foregoing, when K < €, all the curvature terms are of the relative
order &2 or less and thus can be neglected without changing the order of the approximation.
Equations (2.5) then reduce to Prandtl’s equations and the basic flow is represented by the
Blasius® flow.

For K < 1, the solution of Eqgs. (2.5) differs only slightly from Blasius’ solution as far
as boundary layer profile and momentum thickness are concerned. However, the potential
flow outside the boundary layer introduced while solving Egs. (2.5) is no longer a parallel
flow. U tends to infinity as y approaches the center of curvature.

2.2. The disturbance equations

In order to simplify the disturbance equations, the conditions ¢ €1, K €1 and
dK|dX < 1, which were already applied to the basic flow, can be introduced without
deteriorating the approximation. However, it can not be anticipated that the disturbances

(*) The formal definition is chosen here since the physical boundary layer thicknesses may depend on
curvature.
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are limited to the boundary layer. The curvature terms which are negligible inside the
boundary layer may well be important in the outer region.

Another aggravating aspect is the growing thickness of the boundary layer which, up to
now, cannot be included in the analysis in a satisfactory manner (cf. Section 5). Since the
transverse velocity V is small in comparison to U, the boundary layer flow is usually consid-
ered as a parallel flow, thus neglecting terms of order . A local stability analysis is then
carried out using the Blasius” profile or the solution of Eqgs. (2.5) at x = x, as the basic
flow.

With the parallel-flow approximation the disturbances may be introduced in the form
of longitudinal vortices which are independent of x and are amplified (or damped) in time

u; = u(y)cosaze™,
v, = 9(y)cosaze®,
= w(y)sinoze®,
p(y)cos aze®,
where « = 2x/2 is the wave number, A the wavelength and g the amplification rate.

After neglecting the small changes in curvature, dk/dx, the streamwise coordinate x
is completely removed from the equations.

By substituting Egs. (2.4) and

z=0Z, o=Al6, B =By,

i =Uwu, o=Uw=UpRe, w=Uw, p=oUdp

(2.6)

>
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the equations are made non-dimensional. Since no further use of the basic equations
is needed, there should be no risk of confusion with the quantities defined in Egs. (2.1),
(2.2). The final set of disturbance equations is obtained after eliminating the pressure and
the w-component of the velocity by using the continuity equation

du K du r2+( K Y1, -rel?v_ K s

av: _1-kvr dy _|" " \1=xv) |* T "¢l ar T 1T-kY " ¥

d* K d% i K \*]d*%
@8 Gy~ 29"ky av _[“ tT +3(’1~K}’) arz
E Y] ¥ & [os:00 2( K )‘
I—KY) ] 1—KY7§+[“ L e oy

Kk \1. i K
—3(71_!{},)]0— —2Rec 1__K},Uz«r,

where 72 = 4%+ B and ¢ = A. Equations similar to Eqs. (2.8) were presented by BEH-
BAHANI and SCHULTZ-GRUNOW-[7, 8], however, the right hand side of their second equa-
tion is erroneous.

The boundary conditions claiming that the disturbances must vanish at the wall can be
restated by using the continuity equation as

oo

2.9) u=v=——=0 at Y=0,
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In the free stream the disturbances must decay. When using the boundary layer profile
according to Eqgs. (2.5) it follows
u v K v 1 dv

For the Blasius’ profile (U = 1 at ¥ = 0), these conditions reduce to the common form

dv

=7d7 at Y=00.

@.11) =

2.3. Additional simplifications

In the set of disturbance equations originally presented by GORTLER [l], some addi-
tional simplifications were introduced in view of the smallness of K and because the disturb-
ances were assumed to exist almost inside the boundary layer (y < 5). In detail he was
led to the following assumptions:

(i) The curvature terms (1—KY)~! can be replaced by 1.

(i)  The terms multiplied by K can be neglected except those with the factor ReK.

(iii)  Inside the boundary layer, KU can te neglected in comparison with dU/dY.
With (i) - (iii) one obtains from Eqs. (2.8) the system

du _, _4Uu
- avz "4 ar v
@12 d*y d*v
i =(c?+7%) a7 +0%a’v = —puo?Uu

with the boundary conditions (2.9), (2.11), where u = 2Re2K. The Blasius’ profiles repre-
sents the appropriate basic flow. The characteristic equation of this eigenvalue problem

has the form
(2.13) F(o,7,p) = F(4,B,G) =0,

thus providing an “universal” stability diagram. The parameters K and Re appear only
implicit in the Gortler number

1/2
(2.14) G= (%) = ReK!2,

Gdértler solved the eigenvalue problem by means of integral equations using Green
functions. In accordance with his assumptions, the integrations were carried out only
inside the boundary layer. His result was the now well-known stability diagram, predicting
the onset of iristability at G ~ 1, and a wave number 4 =~ 0.2. The neutral curve (B =0,
i.e., T = o) is shown in Fig. 1.

HAMMERLIN [9] resolved Eqgs. (2.12); his improved analysis provided a minimum of the
neutral curve at 4 = 0 where the vortices (2.6) disappear. At the same time he found the
vortices at small A to reach far beyond the edge of the boundary layer and thus Gortler’s
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assumptions not to be valid for all wave numbers. Consequently, in [10] he dropped the
assumption (iii) and obtained the equations

fr-one [t

(2.15)
—d‘—vh-(az+12 +0%1%v = —uc?Uu
dY‘ ) de T = u
instead of Eq. (2.12). The related characteristic equation is now
2.16) F(o, 7,1, K) = F(4, B, G, K) = 0,

and the stability diagram depends explicitly on K. The equations (2.12) turn out to
be the limit for K — 0.

Apart from some asymptotic properties obtained for a simplified linear boundary layer
profile, Eqs. (2.15) have never been solved numerically.

2.4. Treatment of streamline curvature

The crucial difference between the approximations (2.8) and (2.15) lies in the treatment
of the curvature terms. Since the centrifugal forces drive the secondary vortex flow, it is
obvious that the wall curvature X itself plays a less important role than the overall curvature
of the flow field.

Equations (2.8) are based on a curvature of the streamlines tending to infinity like
(1—=KY)™! as it is shown in Fig. 3a. All the terms multiplied by powers of K/(1—KY),
must be retained in this case since they receive importance close to the singularity. Therefore
the equations may be regarded as exact in some sense. However, the assumption of an
infinite streamwise extent of the wall having a constant curvature K gives rise to some
questions, especially in view of the local character of the theory. In practice, wall curvature
is present only over a certain part of the wall and no singularity appears. Therefore, it seems
justified to introduce more realistic properties of the flow far from the wall.

a

Sl
Y
X~

1l
|

{(

*x
b4
2y
[= 8
»
°
b3
e
o

FI1G. 3. Various models for wall curvature and

streamline curvature. 0
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The assumption (i) applied in Eqgs. (2.12) and (2.15) implies the streamline curvature
to be constant at any distance from the wall, as it is shown in Fig. 3b.

Another model has been introduced by SmitH [11]. The terms (1 —KY)~" are replaced
by their series expansion and only the first terms (1 +#7nKY) are retained. Thus, the singula-
rity at KY = 1 is removed to ¥ = c0. In a similar way one could replace (1 — KY) by other
functions, for example by exp(KY).

Such approximations are in effect equivalent to changes of the outer flow conditions
and should already be taken into account while deriving the equations. This idea has been
followed by HAMMERLIN [12] using locally an outer flow which has the properties of the
boundary layer flow along a wavy wall in the valley positions. There, streamline curvature
decays like K exp(— CY) (Fig. 3c). The streamlines are utilized to construct a net of locally-
orthogonal curvilinear coordinates. Starting from transformed basic equations, for disturb-
ances of the form (2.6) and sufficiently small wall curvature the following disturbance
equations are obtained:

@.17)

In this approximation the decay of the streamline curvature affects only the right
hand side of the second equation. The additional term introduced in the first Eq. (2.15)
has been dropped here since in the new coordinates dU/dY — KU vanishes in the potential
flow. This condition, however, is not satisfied by the Blasius’ profile which has been applied
in HAMMERLIN’S [12] analysis. For C = 0, the Eqgs. (2.17) as well as the outer flow reduce
exactly to Gortler’s formulation (2.12)

Finally, an analysis has been carried out by ToBak [13] for a wall having concave
curvature only over a finite streamwise extent (described by the parameter d = 4D in
Fig. 3d) and being plane elsewhere. Eliminating the variable X by means of Fourier trans-
forms and introducing Gortler’s assumptions (i)-(iii), the following set of equations
is obtained:

ﬂ._ 2y = .__dU ]
- P )
% d*v d*v
dy+ ~(o2+1?) 77 +027%0 = —po?Uu(l —e 4P).

The finite extent of the curvature appears only as a multiplier to the Gortler number. Thus,
after having solved Egs. (2.12) with Egs. (2.9), (2.11), the eigenvalues of Egs. (2.18) can be
obtained by a simple transformation without repeating the numerical analysis. The
stability diagrams presented in [13] are derived from the results in [1] which were already
subject to criticism.

In spite of the shortcomings involved m the various approximations, a numerical
evaluation of the equations (2.15), (2.17) and (2.18) seems valuable. It turns out that these
equations are appropriate for studying separately the influences of wall curvature, decay
of streamline curvature and finite extent of wall curvature on vortex instability. Improved
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results of the disturbance equations (2.8) will be presented using the boundary layer
profile (2.5) for curved walls, In addition, Egs. (2.12) will be solved since they provide
the limiting values of all the other approximations.

3. Method of solution

Various methods are used to obtain numerically the solutions, i.e., eigenvalues and eigen-
functions of the disturbance equations. GORTLER [1] and HAMMERLIN [9] first transformed
the differential equations to a system of integral equations which were solved numerically
when the integrals were replaced by finite sums. SMiTH [11] and others used Galerkin’s
method to calculate the eigenvalues. The resulting eigenfunctions, however, are subject
to some criticism. The more recent investigations apply difference methods, such as the
Runge-Kutta method, for the numerical integration of the equations within the boundary
layer which are matched at the boundary layer edge to an outer analytical solution. The
outer solution is constructed in the form of a fundamental system from the disturbance
equations which are simplified after replacing U by the outer potential flow. According to
the outer boundary conditions, only three of the initially six fundamental solutions have
to be taken into account.

Usually, inside the boundary the disturbance equations are treated as an initial value
problem starting from the wall. Matching the numerical results at a position ¥ = Y,
sufficiently far outside the boundary layer with a linear combination of the three fundamen-
tal solutions provides the eigenvalue relation. In the present investigation the integration
is, as in [14], carried out in the reverse direction, starting from Y,, to the wall. The boundary
conditions at the wall are satisfied by iterative improvement of an initially guessed eigen-
value. The highly accurate difference scheme combined with conditional filtering which was
applied here has already been successfully used in the numerical treatment of non-linear
stability problems for the flat plate [15]. Since the parasitic fundamental solutions decay
in the direction to the wall, the numerical stability of the procedure is improved; this
makes the method more accurate and efficient.

All the results presented in this paper were obtained with a stepsize of 0.125 starting
at Y,, = 10. The calculations were carried out on the UNIVAC 1106 of the University
Freiburg.

3.1. The outer solutions

For sufficiently large Y,, the Blasius’ profile satisfies approximately

du

@.1) U=1, —=
Introducing this into the disturbance equations (2.12), (2.15), (2.17), (2.18) and eliminating
u, one can easily find the related fundamental system for v in the form v; = Y?exp(g;Y),
i=1,...,6, where g; are the roots of the characteristic equations and p > 0 appears
in the case of multiple roots. The u; can afterwards be derived from v; using the second
disturbance equation. For the parameters of interest, only three roots with negative real

for Y=Y,
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parts are obtained. The related solutions u;, v; satisfy the outer boundary conditions
(2.11) and are continued from Y, to the wall by numerical integration.

With regard to the disturbance equations (2.8) based on the improved boundary layer
profile according to Egs. (2.5), we consider here only the case of neutral disturbances
(B = 0). Introducing the outer flow

(3.2) U = Uo/(1-KY),
2 = Rev and the transformation
(3.3) n=(1-KY)AlK
the equations reduce to
d2 d 5
(3.4 d*v d?v dv
Nt —— rra + 23 ¥ (3+2732) =y +(3 27}2)7; ;- —(B-2n*—7Yo

Apart from a mistake in the right hand side of the second equation, similar equations were
already presented in [7, 8]. Obviously, the first equation is seen to be the modified
Bessel operator with the solutions

(3.5) u, = ql(n), uy=nK(n),

where only u, satisfies the boundary condition (2.10). The fundamental solutions v; are
given in [7, 8] as power series in 7.

On the other hand, analytical solutions of the homogeneous second equation can be
found in the form

(3.6) v, =I5i(m), vs=nll), vs=Kn), vs=nKo(n)
and as a particular solution constructed from u, one first obtains

- 1 4K?
(3.7 vy =c [—7?“ Io(’?)“lnﬂfl(ﬂ)], gl o T

So far, only v, and v; satisfy Eq. (2.10). The singular behaviour of ¢, at 5 = 0, however,
can be removed through combination with vs, 94, resulting in

(3.8) v =c [% Io(n)—Innl(n)— K, (’?)—WKO(’?)] .

The three fundamental solutions to be continued to the wall are finally (u,, v,), (0, v,),
(0:' “3) .

The advantage of using the analytical form of the outer solution is obvious since large
values of % may arise from the small curvature K. Series expansions of the Bessel functions
are useless for numerical evaluation in that case. The series provide numerical data with the
required accuracy only in the case of large curvature (which contradicts the assumption
of the theory), very small wave numbers (which may be of minor interest) or ¥, close
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to the singularity at ¥ = 1/K (thus increasing drastically the computational effort). The
analytical form, on the contrary, simply allows the use of the asymptotic properties of the
functions. However, even then care must be taken in order to maintain linear independence
in the numerical representation of the fundamental solutions and their derivatives at ¥,.

4. Results and discussion

Although the computer program is written to calculate eigenvalues and eigenfunctions
according to the various approximations for any parameters of practical interest, only
neutral curves are presented here. In addition, the investigations are limited to the classical
and most unstable mode. Higher modes, which may well be of physical importance,
are discussed in [16].

The results of Himmerlin’s equations (2.15), (2.9), (2.11) are shown in Fig. 4 and com-
pared with the limiting curve obtained from Gortler’s equations (2.12). Apart from some
slight differences caused by the underlying basic flow and the numerical method, the lowest
curve agrees well with HAMMERLIN’S result [9). As to Egs. (2.15), up to now only the asymp-
totic property G ~ K'/*4~* of the neutral curves for small 4 and for a simple linear appro-

s788h0" 2 3 A GE788Ng" £ 3 1587B0hg 2 5 4&d
HWAVE NUMBER R

Fi1G. 4. Neutral curves for various values of the wall curvature K (Egs. (2.15)).
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ximation to the boundary layer profile were given in [10]. With K = const., the relation
G ~ A-'is confirmed by the numerical results for the Blasius’ profile too but the constant
of proportionality depends on K in a more complicated way.

The critical conditions (marked with an index c) derived from the minima of the neutral
curves vary with curvature K and are shown in Fig. 5. There is a considerable change in
the wave number 4., which is related to the selective occurrence of a preferred wave length
in experiments. The critical value A, of the wave-length parameter A = (4/8)¥%G is also
drawn in Fig. 5. The critical Gortler number G, is slightly increased by increasing K.
At the same time, the critical Reynolds number derived from Eq. (2.14) decreases to very
low values, e.g.,, Re, = 12.2 at K = 0.01. Since the transverse velocity terms (of order
& = Re™?) are neglected, only very small curvature is within the scope of the theory.

Ac ) Re. Acl G

600

200:

ojo ojos

1075 10°¢ 1073 107
—K

Fi1G. 5. Critical values of the wave number 4., Gortler number G., Reynolds number Re. and wavelengt
parameter A, versus wall curvature X (Egs. (2.15)).

Equations (2.17) were numerically treated by HAMMERLIN’S [12] only for the fixed value
C = 0.1. As itis shown in Fig. 6, by variation of C, i.e., the decrease of streamline curvature
far from the wall, one can produce a stability diagram similar to that given in Fig. 4 without
changing K. The wall curvature K appears only implicitly in G = Re K'/2, thus the critical
Reynolds number increases here with increasing G.. The stabilizing effect of an increase
in C can be explained by the smaller extent of the curved flow region (in ) and the related
reduction of the driving centrifugal forces in the outer flow.

A similar situation can be found on the basis of Tobak’s equations (2.18). The results
shown in Fig. 7 were obtained by transforming the data resulting from Egs. (2.12). Even
here, diminishing the (streamwise) extent of the curved flow region causes an increase

of the critical Gortler number and Reynolds number.
Since each of the approximations (2.15), (2.17) and (2.18) just excludes the influences

introduced in the other two, Figs. 4, 6 and 7 show the three separate mechanisms producing
independently about the same quantitative influence on the neutral curve in terms of the
Gaortler number. This is of particular interest while comparing theoretical and experimental
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FIG. 6. Neutral curves depending on the decrease exp(—CY) of the

streamline curvature (Egs. (2.17)).
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F1G. 7. Neutral curves depending on the streamwise extent D of the
wall curvature (Eqgs. (2.18)).
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amplification rates. Apart from the difficulties in identifying neutral conditions with suffi-
ciently small disturbances, an experimental verification of the theory requires a detailed
specification of the underlying flow conditions, especially in the low (and critical) wave
number region. The ascending branch at larger wave numbers does not change considerably,
therefore BipPEs’ comparison with experimental data [17] may be regarded as conclusive.

The difference between the theoretical and experimental results concerning neutral
stability cannot be removed by using the approximation suggested by SCHULTZ-GRUNOW
and BEHBAHANI [8]. Figure 8 shows the results obtained from Egs. (2.8)-(2.10). Since
curvature of the streamlines increases with increasing distance from the wall, the neutral
curves run below the limiting curve according to Egs. (2.12) in a wide range of wave
numbers, and finally rise with decreasing 4. This sudden rise and consequently, the critical
wave number is strongly connected with the modified Bessel functions of second kind
in the outer solution which comes into play at the edge of the boundary layer. This occurs
at a fixed value of n and, therefore, A4, should be approximately proportional to K. As can
be seen in Fig. 8, the calculations provide the estimate 4, &~ 3.5K, which may be extremely
small when compared to the values shown in Fig. 5. Even G, and Re. are smaller here
due to the intensified centrifugal forces.
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FIG. 8. Neutral curves for various values of the wall curvature X (Egs. (2.8)).
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The neutral curves in Fig. 8 disagree essentially from those presented by SCHULTZ-
Gruvow and BenasaHANI [7, 8, 18]. Unfortunately, some mistakes in the notations used
in tleir papers make it difficult to explain the discrepancy fully. Probably the results
suffer from the fact that the series representation of the outer solution are used without
the required care.(*)

Apart from this, the large values chosen for the wall curvature K might well be outside
the scope of the theory, for they result in extremely small critical Reynolds numbers
Re. < 10, where the disturbance equations as well as the boundary layer theory fail to
provde a valid solution. At the onset of vortex instability, typical Gortler numbers are
about G = ReK'/2 ~ . Thus, we find X ~ Re~2 and the largest terms (of order ReK ~
=~ Rz"1) introduced by the curvature to be comparable in magnitude with the neglected
transverse velocity terms. It follows that an extension and improvement of the theory
presented by HAMMERLIN [10] first requires the involvement of higher order terms in Re™?,
not K. At the same time the influence of the growing thickness of the boundary layer
on vortex instability must be expected to be of first order.

5. The effect of the growing thickness

All the approximations mentioned so far suffer from the assumption of the boundary
layer to be locally a parallel flow. A first attempt to improve this situation has been made
by SwitH [11] taking into account the transverse velocity in the boundary layer. Small
streamwise changes in curvature were found to be of minor importance. In contrast to
Egs. (2.6), the vortices are assumed to grow with distance x, not time:

u, = u(y)cosaze’*,
v, = ¥(y)cos azef*,
A : x

w, = w(y)sin azef*,
= p(y)cos aze*,

(5.1)

Starting from Egs. (2.1)-(2.3), the usual procedure leads to a set of equations which were
further simplified replacing (1 — KY)~" by its series expansion (1+#nKY+ ...) and linearizing
in the small parameter K. For neutral disturbances the resulting equations are

r.:{2 , dv dau

4, 2
d*v av KV) d*v

(52)
g 203
___._(V+2K)___(a+___ —_——

dv\ dv
2 2
(0’ V+2Ko*+K dY) v

+0? (02-}- -fﬁV:)U = —ua?lu.

Since ¥ = Re Vis of the same magnitude as U, the terms introduced by the growing thickness
cannot be regarded as small. It must be expected that the transverse velocity is of consider-
able importance for vortex instability, especially in the low wave number region (o =

(") Corrected results have been published in a Brief Report by D. Beusanani, ZAMP, 26,
493495, 1975.
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= A < 1). It is the lack of such terms, introduced by the boundary-layer growth, which
accounts for the parallel-flow equations to fail for KX = 0, where decaying vortices are
expected to exist, and for their inadequacy in describing forced vortices as they are pro-
duced by non-linear interaction of three-dimensional disturbances [15].

In spite of these qualitative conclusions, the numerical results presented by SMITH
differ only moderately from those obtained with the parallel-flow assumption, (Fig. 1).
However, the calculations carried out by KAHAWITA and MERONEY [14] on the basis of
Smith’s equations with and without inclusion of the transverse flow terms (Fig. 1, curves
(6) and (8) respectively) show a remarkable difference. With the V-terms included, no crit-
ical value is obtained for G and the neutral curve seems to reach a limiting wave number
of about 4 =~ 0.45 at G = 0. In tendency, this change in the stability characteristic agrees
well with the results of HAALAND and Sparrow [19] for vortex instability of natural
convection, where the accounting of the non-parallel nature of the basic flow has a first
order effect.

The reason for the discrepancy between Smith’s result and that of Kahawita and
Meroney can not be completely explained up to now. Some preliminary investigations
in this aspect tend to confirm the latter results.

Kahawita and Meroney already suspected the physically strange stability characteristic
to be due to an inaccurate mathematical description of the physical situation. Indeed, this
is true, for in a growing boundary layer the amplification rate and, moreover, the shape
of the vortices will depend on the streamwise distance x. An order of magnitude analysis
shows the terms introduced by these streamwise changes of vortex shape to be of the
same order as the transverse velocity terms:

In the treatment of Tollmien-Schlichting waves, where the growing thickness turns
out to be less important, some success has been reached by using perturbation methods
(cf. [20]). In the present case, however, the difficulties in deriving a set of appropriate and
accessible equations are not yet completely overcome.
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