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O N  T H E  T H E O R Y  O F  G R O U P S,  A S  D E P E N DI N G  O N  T H E  
S Y M B O LI C  E Q U A TI O N  ̂ = 1.

[ Fr o m t h e P hil os o p hi c al  M a g azi n e,  v ol. vii.  ( 1 8 5 4), p p. 4 0 — 4 7. ]

L e t Θ  b e a s y m b ol of o p er ati o n, w hi c h  m a y,  if w e  pl e as e,  h a v e f or its o p er a n d,  
n ot  a si n gl e q u a ntit y  x, b ut  a s yst e m ( x, y,  ...), s o t h at

y > ∙∙∙) =  Q > ^ ∖  y' > ∙∙∙ ∖

w h er e  x' , y',  ... ar e a n y f u n cti o ns w h at e v er  of  x, y,  ..., it is n ot e v e n n e c ess ar y t h at 
x', y, ... s h o ul d b e t h e s a m e i n n u m b er wit h  x, y, .... I n p arti c ul ar  ai , y', &[. c.  m a y  
r e pr es e nt a p er m ut ati o n of x, y, & c., is i n t his c as e w h at  is t er m e d a s u bstit uti o n ; 
a n d if, i nst e a d of a s et x, y, ..., t h e o p er a n d  is a si n gl e q u a ntit y  x, s o t h at θ χ  =  χ' f χ, 
θ is a n or di n ar y f u n cti o n al s y m b ol. It is n ot n e c ess ar y ( e v e n if t his c o ul d b e  d o n e)  
t o att a c h a n y m e a ni n g  t o a s y m b ol s u c h as θ  +  φ, or t o t h e s y m b ol 0, n or c o n ­
s e q u e ntl y t o a n e q u ati o n s u c h as θ  =  0, or θ  +  φ  =  Q',  b ut  t h e s y m b ol 1 will  n at ur all y  
d e n ot e a n o p er ati o n w hi c h  ( eit h er g e n er all y or i n r e g ar d t o t h e p arti c ul ar o p er a n d)  
l e a v es t h e o p er a n d u n alt er e d, a n d t h e e q u ati o n θ  =  φ  will  d e n ot e t h at t h e o p er ati o n  
θ is ( eit h er g e n er all y or i n r e g ar d t o t h e p arti c ul ar o p er a n d) e q ui v al e nt t o φ, a n d  
of c o urs e θ  = 1  will  i n li k e m a n n er  d e n ot e t h e e q ui v al e n c e of t h e o p er ati o n θ t o t h e 
o p er ati o n 1. A  s y m b ol θ φ d e n ot es t h e c o m p o u n d o p er ati o n,  t h e p erf or m a n c e  of w hi c h  
is e q ui v al e nt t o t h e p erf or m a n c e, first of  t h e o p er ati o n'  φ,  a n d t h e n of t h e o p er ati o n  
θ∙, θ φ is of c o urs e i n g e n er al diff er e nt fr o m φ θ. B ut  t h e s y m b ols θ, φ,  ... ar e i n 
g e n er al s u c h t h at θ  . φ χ  =  0 φ. χ,  & c.,  s o t h at θ φ χ, θ φ χ ω, & c.  h a v e a d efi nit e si g ni ­
fi c ati o n i n d e p e n d e nt of t h e p arti c ul ar m o d e  of c o m p o u n di n g t h e s y m b ols ; t his will  
b e t h e c as e e v e n if t h e f u n cti o n al o p er ati o ns i n v ol v e d i n t h e s y m b ols θ, φ,  & c.  
c o nt ai n p ar a m et ers s u c h as t h e q u at er ni o n i m a gi n ari es i, j, k ; b ut n ot if t h es e 
f u n cti o n al o p er ati o ns c o nt ai n p ar a m et ers s u c h as t h e i m a gi n ari es w hi c h  e nt er i nt o t h e 
t h e or y of o ct a v es, & c.,  a n d f or w hi c h,  e. g. α . β y is s o m et hi n g diff er e nt fr o m a β . < y,  
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124 ON THE THEORY OF GROUPS, [125

a supposition which is altogether excluded from the present paper. The order of the 
factors of a product θφχ^... must of course be attended to, since even in the case 
of a product of two factors the order is material; it is very convenient to speak of 
the symbols θ, φ ... as the first or furthest, second, third, &c., and last or nearest 
factor. What precedes may be almost entirely summed up in the remark, that the 
distributive law has no application to the symbols θφ ...; and that these symbols are 
not in general convertible, but are associative. It is easy to see that θ° = 1, and 
that the index law holds for all positive or negative integer values,
not excluding 0. It should be noticed also, that if θ = φ, then, whatever the symbols 
a, β may be, aθβ = aφβ, and conversely.

A set of symbols,
1, a, β, ∙.∙

all of them different, and such that the product of any two of them (no matter in 
what order), or the product of any one of them into itself, belongs to the set, is 
said to be a groups. It follows that if the entire group is multiplied by any one 
of the symbols, either as further or nearer factor, the effect is simply to reproduce 
the group; or what is the same thing, that if the symbols of the group are multi­
plied together so as to form a table, thus:

that as well each line as each column of the square will contain all the symbols 
1, a, β, .... It also follows that the product of any number of the symbols, with or 
without repetitions, and in any order whatever, is a symbol of the group. Suppose 
that the group

1, α, β, ...
contains n symbols, it may be shown that each of these symbols satisfies the equation

^" = 1;
so that a group may be considered as representing a system of roots of this symbolic 
binomial equation. It is, moreover, easy to show that if any symbol α of the group

1 The idea of a group as applied to permutations or substitutions is due to Galois, and the introduction 
of it may be considered as marking an epoch in the progress of the theory of algebraical equations. 
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125] AS DEPENDING ON THE SYMBOLIC EQUATION ^=1. 125

satisfies the equation ^=1, where r is less that n, then that r must be a sub­
multiple of w; it follows that when n is a prime number, the group is of necessity 
of the form 

and the same may be (but is not necessarily) the case, when w is a composite 
number. But whether n be prime or composite, the group, assumed to be of the 
form in question, is in every respect analogous to the system of the roots of the 
ordinary binomial equation af* — 1 = 0; thus, when n is prime, all the roots (except 
the root 1) are prime roots; but when n is composite, there are only as many prime 
roots as there are numbers less than n and prime to it, &c.

The distinction between the theory of the symbolic equation ^ = 1, and that of 
the ordinary equation ic” — 1 = 0, presents itself in the very simplest case, n = 4. For, 
consider the group 

which are a system of roots of the symbolic equation

There is, it is clear, at least one root β, such that = 1; we may therefore 
represent the group thus, 

then multiplying each term by α as further factor, we have for the group 1, a?, aβ, 
Λ^β, so that α≡ must be equal either to β or else to 1. In the former case the 
group is 

which is analogous to the system of roots of the ordinary equation ic* — 1 = 0. For 
the sake of comparison with what follows, I remark, that, representing the last- 
mentioned group by 

we have the table 
1» βi
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126 ON THE THEORY OF GROUPS, [125

If, on the other hand, α≡ = l, then it is easy by similar reasoning to show that we 
must have aβ = so that the group in the case is

1, a, β, aβ, (α≡ = l, β^ = 1, aβ = βa}-
or if we represent the group by

1, α, β, Ιy
we have the table

or, if we please, the symbols are such that

[and we have thus a group essentially distinct from that of the system of roots of 
the ordinary equation — 1 = 0].

Systems of this form are of frequent occurrence in analysis, and it is only on 
account of their extreme simplicity that they have not been expressly remarked. For 
instance, in the theory of elliptic functions, if n be the parameter, and 

then α, β, γ form a group of the species in question. So in the theory of quadratic 
forms, if 

although, indeed, in this case (treating forms which are properly equivalent as identical) 
we have a = β, and therefore 7 = 1, in which point of view the group is simply a 
group of two symbols 1, a, (a? = 1).
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A g ai n,  i n t h e t h e or y of m atri c es,  if I d e n ot e t h e o p er ati o n of i n v ersi o n, a n d tr 
t h at of tr a ns p ositi o n, (I d o n ot st o p t o e x pl ai n t h e t er ms as t h e e x a m pl e m a y  b e  
p ass e d  o v er),  w e  m a y  writ e

I pr o c e e d  t o t h e c as e of  a gr o u p  of  si x s y m b ols.

w hi c h  m a y  b e  c o nsi d er e d as r e pr es e nti n g a s yst e m of  r o ots of  t h e s y m b oli c e q u ati o n

It is i n t h e first pl a c e t o b e s h o w n t h at t h er e is at l e ast o n e r o ot w hi c h  is a  
pri m e r o ot of =  1, or (t o us e a si m pl er e x pr essi o n) a r o ot h a vi n g  t h e i n d e x 3. It 
is cl e ar t h at if t h er e w er e  a pri m e r o ot, or r o ot h a vi n g t h e i n d e x 6, t h e s q u ar e of  
t his r o ot w o ul d  h a v e t h e i n d e x 3, it is t h er ef or e o nl y n e c ess ar y t o s h o w t h at it is 
i m p ossi bl e t h at all t h e r o ots s h o ul d h a v e t h e i n d e x 2, T his  m a y  b e d o n e b y  m e a ns  
of a t h e or e m w hi c h  I s h all f or t h e pr es e nt ass u m e, vi z, t h at if a m o n g t h e r o ots of  
t h e s y m b oli c e q u ati o n θ ^  =  l, t h er e ar e c o nt ai n e d a s yst e m of r o ots of t h e s y m b oli c 
e q u ati o n & p  =  1  ( or, i n ot h er  w or ds,  if a m o n g t h e s y m b ols f or mi n g a gr o u p  of  t h e or d er
t h er e ar e c o nt ai n e d s y m b ols f or mi n g a gr o u p of  t h e or d er  p),  t h e n p  is a s u b m ulti pl e
of n. I n t h e p arti c ul ar c as e i n q u esti o n, a gr o u p of t h e or d er 4 c a n n ot f or m p art  
of t h e gr o u p of t h e or d er 6. S u p p os e,  t h e n, t h at γ, δ ar e t w o r o ots of  ̂ ® = 1, h a vi n g  
e a c h of t h e m t h e i n d e x 2 ; t h e n if γ δ h a d  als o t h e i n d e x 2, w e  s h o ul d h a v e  γ δ  =  δ γ ;
a n d 1, 7, δ,  δ γ,  w hi c h  is p art of  t h e gr o u p of t h e or d er 6, w o ul d  b e a gr o u p of
t h e or d er 4. It is e as y t o s e e t h at γ δ m ust  h a v e t h e i n d e x 3, a n d t h at t h e gr o u p  
is, i n f a ct, 1, γ δ, δ γ, γ, δ, 7 δ 7, w hi c h  is, i n f a ct, o n e of t h e gr o u ps t o b e pr es e ntl y  
o bt ai n e d ; I pr ef er c o m m e n ci n g wit h  t h e ass u m pti o n of a r o ot h a vi n g t h e i n d e x 3.  
S u p p os e  t h at α  is s u c h a r o ot, t h e gr o u p  m ust  cl e arl y b e  of  t h e f or m 

a n d m ulti pl yi n g  t h e e ntir e gr o u p b y 7 as n e ar er f a ct or, it b e c o m es 7, α 7, « ^ 7, γ,  

a y ,̂ ; w e  m ust  t h er ef or e h a v e γ  =  1, α, or α ≡. B ut  t h e s u p p ositi o n γ  = gi v es  
r y < =  α ^  =  α, a n d t h e gr o u p is i n t his c as e 1, 7, <∕,  7 ≡, 7 ,̂ 7 "'( 7 * ’=!);  a n d t h e s u p p o­
siti o n 7 ≡  =  α gi v es als o t his s a m e gr o u p. It o nl y r e m ai ns, t h er ef or e, t o ass u m e 7 ≡  =  1 ; 
t h e n w e  m ust  h a v e eit h er 7 α  =  a y or els e y a  =  a ^ y. T h e  f or m er ass u m pti o n l e a ds t o 
t h e gr o u p

w hi c h  is, i n f a ct, a n al o g o us t o t h e s yst e m of r o ots of t h e or di n ar y e q u ati o n afi  —  1  =  0 ; 
a n d b y p utti n g a y  =  ∖,  mi g ht  b e e x hi bit e d i n t h e f or m 1, λ, λ ≡, λ ≡,  λ ≡, ( λ θ =l),

u n d er w hi c h  t his s yst e m h as pr e vi o usl y b e e n c o nsi d er e d. T h e  l att er ass u m pti o n l e a ds 
t o t h e gr o u p

a n d w e  h a v e t h us t w o, a n d o nl y t w o, ess e nti all y disti n ct f or ms of a gr o u p of si x. 

If w e  r e pr es e nt t h e first of  t h es e t w o f or ms, vi z. t h e gr o u p
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by the general symbols
1, α, β, γ, δ, e,

we have the table
1. α. β, ∙7, δ. €

while if we represent the second of these two forms, viz. the group

by the same general symbols

we have the table
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or, what is the same thing, the system of equations is

An instance of a group of this kind is given by the permutation of three letters; 
the g∙roup 

may represent a group of substitutions as follows:—

abc, cab, bca, acb, cba, bac 
abc abc abc abc abc abc.

Another singular instance is given by the optical theorem proved in my paper 
“ On a property of the Caustic by refraction of a Circle, [124].”

It is, I think, worth noticing, that if, instead of considering α, β, &c. as symbola 
of operation, we consider them as quantities (or, to use a more abstract term, ‘cogi- 
tables’) such as the quaternion imaginaries; the equations expressing the existence 
of the group are, in fact, the equations defining the meaning of the product of two 
complex quantities of the form 

thus, in the system just considered.

where

It does not appear that there is in this system anything analogous to the 
modulus + + + so important in the theory of quaternions.

I hope shortly to resume the subject of the present paper, which is closely 
connected, not only with the theory of algebraical equations, but also with that of 

c. II. 17 
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the composition of quadratic forms, and the ‘irregularity’ in certain cases of the 
determinants of these forms. But I conclude for the present with the following two 
examples of groups of higher orders. The first of these is a group of eighteen, viz.

where 

and the other a group of twenty-seven, viz.

where

It is hardly necessary to remark, that each of these groups is in reality perfectly 
symmetric, the omitted terms being, in virtue of the equations defining the nature 
of the symbols, identical with some of the terms of the group: thus, in the group 
of 18, the equations α≡ = l, ^ = 1, 7® = 1, (α^γ)≡ = 1 give aβy = yβa, and similarly for 
all the other omitted terms. It is easy to see that in the group of 18 the index 
of each term is 2 or else 3, while in the group of 27 the index of each term is 3.

2 Stone Buildings, Nov. 2, 1853.
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