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76.

ON THE TRIPLE TANGENT PLANES OF SURFACES OF THE
THIRD ORDER.

[From the Cambridge and Dublin Mathematical Journal, vol. 1v. (1849), pp. 118—132.].

A SURFACE of the third order contains in general a certain number of straight
lines. Any plane through one of these lines intersects the surface in the line and in
a conic, that is in a curve or system of the third order having two double points.
Such a plane is therefore a double tangent plane of the surface, the double points (or
points where the line and conic intersect) being the points of contact. By properly
determining the plane, the conic will reduce itself to a pair of straight lines, Here
the plane intersects the surface in three straight lines, that is in a curve or system of
the third order having three double points, and the plane is therefore a triple tangent
plane, the three double points or points of intersection of the lines taken two and
two together being the points of contact. The number of lines and triple tangent
planes is determined by means of a theorem very easily demonstrated, viz. that through
each line there may be drawn five (and only five) triple tangent planes. Thus,
considering any triple tangent plane, through each of the three lines in this plane
there may be drawn (in addition to the plane in question) four triple tangent planes:
these twelve new planes give rise to twenty-four new lines upon the surface, making
up with the former three lines, twenty-seven lines upon the surface. It is clear that
there can be no lines upon the surface besides these twenty-seven; for since the three
lines upon the triple tangent plane are the complete intersection of this plane with
the surface, every other line upon the surface must meet the triple tangent plane in
a point upon one of the three lines, and must therefore lie in a plane passing through
one of these lines, such plane (since it meets the surface in two lines and therefore
in a third line) being obviously a triple tangent plane. Hence the whole number of
lines upon the surface is twenty-seven; and it immediately follows that the number
of triple tangent planes is forty-five. The number of lines upon the surface may also
be obtained by the following method, which has the advantage of not assuming
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446 ON THE TRIPLE TANGENT PLANES OF [76

& priors the existence of a line upon the surface. Imagine the cone having for its
vertex a given point not upon the surface and circumscribed about the surface, every
double tangent plane of the cone is also a double tangent plane of the surface, and
therefore intersects the surface in a straight line (and a conic). And, conversely, if
there be any line upon the surface, the plane through this line and the vertex of the
cone will be a double tangent plane of the cone. Hence the number of double tangent
planes of the cones is precisely that of the lines upon the surface. By the theorems
in Mr [Dr] Salmon’s paper “On the degree of a surface reciprocal to a given one,’
Journal, vol. 1. [1847] p. 65, the cone is of the sixth order and has no double lines
and six cuspidal lines: hence by the formula in Pliicker’s “Theorie der algebraischen
Curven,” [1839] p. 211, stated so as to apply to cones instead of plane curves, viz. =
being the order,  the number of double lines, y that of the cuspidal lines, » that of
the double tangent planes, then

u=3n(n—2)(n*—9)— 2z +3y)(n* —n—06)+ 2z (z— 1)+ 62y +§y (y— 1),

the number of double tangent planes is twenty-seven, which is therefore also the
number of lines upon the surface.

Suppose the equation of one of the triple tangent planes to be w =0, and let
2=0, y=0, be the equation of any two triple tangent planes intersecting the plane
w=0 in two of the lines in which it meets the surface. Let 2=0 be the equation
of a triple tangent plane meeting w=0 in the remaining line in which it intersects
the surface. The equation of the surface of the third order is in every case of the
form wP +kxyz=0, P being a function of the second order, but of the four different
planes which the equation z=0 may be supposed to represent, one of them such
that the function P resolves itself into the product of a pair of factors, and for the
remaining three this resolution into factors does -not take place. This will be obvious
from the sequel: at present I shall suppose that the plane z=0 is of the latter class,
or that P=0 represents a proper surface of the second order. Since 2=0, y=0, z=0,
are treble tangent planes of the surface, each of these planes must be a tangent
plane of the surface of the second order P =0, and this will be the case if we assume

P=a+1p+22+uw?
1 § ¥ g 1 i 1
+yz(mn+%>+zx(nl+ﬁ>+xy (lm+ l_fn>+ww(l+l>+yw<m +E)+z'w(n+£),

and considering #, y, z and w as each of them implicitly containing an arbitrary
constant, this is the most general function which satisfies the conditions in question.

We are thus led to the equation of the surface of the third order:

U=w {a:2+y’+z’+'w“’+

1 1 1 1 1 1
Yz (mn + nﬁ) +za:('nl+ ;l) +ay (bm,+ m>+ww (l+7) + yw (m +772> + 2w (n +ﬁ)}+kmyz=0.
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I have found that by expressing the parameter k£ in the particular form

i =p’— (lm'n — l—nl?)z
(p i lmn)

2

or, as this equation may be more conveniently written,

r-8 Tog i
o 2(p— a)’ ol l'mn+bm oy lmn’(l)

447

the equations of all the planes are expressible in a rational form. These equations are

in fact the following:

numbers 12/, 23’, &c. constituting a different notation for the lines and planes.]

(w)
©

@)

€)
®)
(2)

é)
(m)

®

(f)
(®

(h)

Ty ) SR SO 0 . PR T e AN L R 12
1 1 1 y
lw+my+nz+'w[l+];(l—l—)( _E)( _'r—z,)]=0’ ............ 23
£l . s 1+1(z-1)( —-1—)<n——]i) VAR 31/
I " m n k l n
7§ AT I el G 1 O B b LT 12.34.56
s D s Mper b R, Sl T 42’
GOk i el d L O e L e S b MR e Tl S, RS 14/
x+1(m—1)( —1)w=0, .......................................... 12
k m, n
1 1 1 ,
y+%( -ﬁ)(z—z)w_o, .......................................... 23
1 1 1 ,
Z+E<Z—Z)( —7—n>w=0, .......................................... 3’1
la:+}i e S TR ) Sl S R et TRRIES SR Sl SR e 41’
Z tmy+2 0 34
Ty FwW=0,
T hE RAEEORO orssts st anrs Wbt nrarasssione: 13.24. 56

1 A somewhat more elegant form is obtained by writing p=2¢+a; this gives

=§ (q+lmn)( 1),&(:.
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(x)
62)

(@)

(x)

(¥)

®
(m)

()

)

ON THE TRIPLE TANGENT PLANES OF

',—;+my+nz+w=0, S R e R o 24/
lw+n% FRPPER Tre sttt IRV S 14.23.56
le + my + ?—j+w=0, ....................................... 43’
l(p—a) + 2mn
T+ ————————W=0, .vreririrranians 12.35. 46
p+B
m (p —a) + 2nl .
i e il e e s Swsmasse s e e 52
p+B
n(p —a)+ 2m ¥
e W =0, cieiiiiiiiiiiiiiiiiiieiiens 15
Zo=s p+/3 w 0’
L p—apts
gl ekopont ol g gaeniiy-heven, . whie 12.36.45
p=8
il ! 2
_(p_a)+_
g ik i IR S A A -, R 62/
Y P—R )
1 2
Hp - ) him ;
e o et L SRR R SRR A AR e P e 16
P8
2n 1
= = p sz =10, 56’
mp—a)" " m?
20 1 ,
n(p a)y+1—1z+'w-—0, ........................ 45
2m
z+m A0, ol A bo i NS Lt s 46
/ Y-
2 1
————x+my+-z+w=0, ............... 15.26. 34
n(p— a) n
1 7
S — R =L R L 16.24. 35
1T Tp-a)’
lm+1—y-——2—l—z+w=0, ............... 14012636
m m(p—a)
5. )x+y+nz+'w O, ofiaba. Mg ed carida 65’
2m
o B )y+;iz+w=0, ..................... 46’
m(p— ) i 7
j &My ——0o; Gt =0, At e s e o 4’5
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76] SURFACES OF THE THIRD ORDER. 449
) m(p_ )w+my+ ik ey SIS o st AR 16.25.34
(&) %w—n(—%——l_a)y+nz+w=0, ....................................... 15.24.36
(n) lw+%y—£—(—g7;—a)z+w=0, ....................................... 14.26.35
®) —Z)—2m—+ny+mz+[mn(p—a) 21 (1—m2——n‘)]p+ﬁ=0, ............ 51°
@ nw—p2— ot [nl (=) =2m(l=1 = B] 50, o 35/
(x) —a)—2n(1—-P —'mﬁ)]p 3 = 13.25.46
(®) p2_w+71; %Z+l:——(p—a) ( ) Z—)—?—=O, ...... 26’
@ % —%+1lz+t l(p—a)——( —nz ;) }% 16.23.45
) %M%y_pﬁ_f’ﬁ[%z(p a)——( 1) P 6%
&3 _P;“m+%+%_zmn[% <1 _7%2._ E2>(p—a)—7;27—;|p~%l—8=0, ......... 25’
@ -5 ';—hnn[%@ = B @-o- fl}pﬁﬁﬂ,,. 15.23.46
) 24 P;“Z_bmnli%@ -2 =)@~ l%]j;i’—:O, ......... 53
(p) p— w+ny+mz———[l(1 m—n?)(p—a) — an]p?[g:O, ......... 61’
@ ne-Lry+ie -m[ma— ni—0 ) (p—a)— 2nl ]p%ﬁfo, ......... 36’
(3 mw+ly—p;az—ﬁiﬁ[n(l—l“’—fm”)(p—a)—2lm]p—iuﬁ= ...13.26.45

In fact, representing the several functions on the left-hand side of these equatLons
respectively by the letters placed opposite to them respectively, the function U is
expressible in the sixteen forms following

U = wff + kEyz,
wgg + knez,
whh + kzy,

w0 + kEng
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= wll, + kyz,

= wmm, + kzXy,

= wnn, + kxyz,

=wll + kyz,

= wmm + kzxy,

= wnn + kxyz,
= wpp, + kéyz,
= w qq, + knzx,

= w rr, + kfxy,
= w pp, + kEyz,
= wqq, + knzx,
= wrr, + kExy,

(being the forms containing w, out

different forms).

The forty-five planes pass five

following manner :

(al) (w’ Z, E’ X,
(b)) (w, vy Yy,
(@) (w,

(a)) (&,
(b) (m, ér 6, q
(@) & b 6T,

(as) (E: 58 9’ P, P

(bs) (n, 8 8, q

(03) (é', h) gr l‘,

2, c) Z,
T; 0; I—):

).
YY) i
- P o
D)
qQ)...23,
o L
p,) &
" W
) dd,

[76

of a complete system of one hundred and twenty

and five through the twenty-seven lines in the

(a4) (.’L', g’ l_l ’ l y 4, )...34,
(®) (b, f,mm)... 24,
(©). (2, £, , B\8, Jor b,
(@) (#,g,h,1,1 )...56,
(bﬁ) (y;F)f )m) ml . 4’
(cﬁ) (z’ ?; g , I, n, . 4!’,
(%) (x, m, B, q, r,)... 95,
(b6) (y; ’ , g By P,).-. 25,
oo (2, 1., . B, 4 ) 1D,

(07) (x, mn n,q, l‘)...
(b7) (Y) 5 Ay X))y p)
(07) (z, 1/ » I, P, q)...
(a) 1%, m, 0, q, ).
%) G n,,1,%,p)..
(cs) (z, T P
(@) X, m,n, q,rT)..
®) Gon,1,,7,p)...

(69) (Z, 1 , M, P, q/)...

where each line may be represented by the letter placed oppositive to the system

of planes passing through it.

forty-five planes in the following manner :

(w) @by,
(0 ) sbyCy )
(0)  ashycs,

(£) asbie,
(g ) bscsam
(b) csahy,

The twenty-seven lines lie three and three upon the

@ b, (P) ashyCe,
(m)  bycray, (@) b,
(n)  csazby, (2): lostehe;
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76] SURFACES OF THE THIRD ORDER. 451

() maa;, &)  abycs, (1) b, (P) by,
(¥ bbby, (8) bucias, (m)  bycsas, (@) Dycsay,
(2) cicics, (B)  cya,bs, @) cuashs, @)  caashy,
& aa.as, (X)) e, @) Seabios, (p) b,
()  bibyb,, ) bibsds,. (m,)  bscsar, Q)  bucer,
(&) cicscy, (z) scdefts (m,)  csaby, () s oy,
) o, (1)  abg, (D))" bgCs,
(y) bybgb,, (m,)  byces, (q)  bscsas,
(7)) 064Gy, (@,) ' cutebs; () csaqbs.

The preceding method was the one that first occurred to me, and which appears
to conduct most simply to the actual analytical expressions for the forty-five planes;
but it is worth noticing that the relations between the lines and planes might have
been obtained almost without algebraical developments, if we had supposed that P,
instead of representing a proper surface of the second order, had represented a pair
of planes. This would have conducted at once to one of the one hundred and twenty
forms U, e.g. U=wh8+kEnt. Or changing the notation so as to include % in one of
the linear functions, U =ace—bdf, and it is indeed obvious d priori, by merely reckoning
the number of arbitrary constants, that any function of the third order can be put
under this form. If we suppose a=pub to be the equation of one of the triple tangent
planes through the intersection of the planes a and b, the plane a=pub meets the
surface in the same lines in which it meets the hyperboloid uce —df=0, that is, the two
lines in the plane are generating lines of different species, and consequently one of
them meets the pair of lines cd and ef, and the other of them meets the pair of
lines ¢f and de (where cd represents the line of intersection of the planes ¢=0, d=0,
&c.). This suggests a notation for the lines in question, viz. each line may be repre-
sented by the three lines which it meets, or by the symbols ab.cd.¢f and ab.cf.de.
Or observing that u has three values, and that the same considerations apply mutatis
mutandis to the planes through bc and ca, the whole system of lines may be repre-
sented by the notation,

ab, ad, af,

cb, cd, cf,

eb, ed, ef,
(ab.cd.ef), (ab.cd.ef),, (ab.cd.ef)s,
(ad.cf.eb), (ad .cf.eb),, (ad.cf.eb)s.

(af.cb.ed),,

(ab.cf.ed),,
(ad.cb.ef ),
(af.cd.eb ),

(a’f\‘ Cb & ed )2:

(ab.cf.ed),,
(ad.cb.ef),,
(af .cd.eb),,

(af.cb.ed)s,

(ab.cf . ed ),
(ad.cb.ef ),
(af.cd.eb ),
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where the last eighteen lines have been divided into two systems of nine each. The
five planes through (ab.cd.ef), may be considered as cutting the surface in

ab; (ab.cf.ed ),
cd; (af.cd.eb),
¢f; (ad.cb.ef ),

(ad.cf.eb),; (af.cb.ed)s,
(ad.cf.eb)s; (af.cb.ed),,

(which supposes however that the distinguishing suffixes 1, 2, 3, are added to the
different planes according to a certain rule). And similarly for the lines in the planes
through the other lines represented by symbols of the like form. The five planes
through ab intersect the surface in the lines
ch, eb,
ad, af,
(ab.cd.ef ), (ab.cf. ed),,
(ab.cd.ef ),  (ab.cf.ed),,

(ab.cd.ef);,  (ab.cf.ed)s,

and similarly for the planes through the other lines represented by symbols of a like
form.,

Observing that & =, & correspond to b, d, f, and w, 6, b, to a, ¢, e respectively,
ab corresponds to the intersection of w and £ ie. to @, &c.; also (ab.cd.ef),
(ab.cd.ef),, (ab.cd.ef); correspond to three lines meeting a,, b,, and ¢;, ie. to
a5, @;, @, &c.; and the system of the twenty-seven lines as last written down corre-
sponds to the system,

@, b, a,
@y by, o,

as, by, ¢,

a’ﬁ) a?’ as,
bﬁ) b7’ bs,
05) C7, 691

ay, gy Qg
bs, b, bs;
Cisliys Oy b
The investigations last given are almost complete in themselves as the geometrical
theory of the subject: there is however some difficulty in seeing @ priori the nature

of the correspondence between the planes which determines which are the planes which
ought to be distinguished with the same one of the symbolic numbers, 1, 2, 3.
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76] SURFACES OF THE THIRD ORDER. 453

There is great difficulty in conceiving the complete figure formed by the twenty-
seven lines, indeed this can hardly I think be accomplished until a more perfect
notation is discovered. In the mean time it is easy to find theorems which partially
exhibit the properties of the system. For instance, any two lines, a,, b,, which do
not meet are intersected by five other lines, a,, b,, a5, @;, @, (no two of which meet).
Any four of these last-mentioned lines are intersected 'by the lines a,, b, and no other
lines, but any three of them, e.g. a5, a;, a,, are intersected by the lines @, b,, and by
some third line (in the case in question the line ¢;). Or generally any three lines, no
two of which meet, are intersected by three other lines, no two of which meet.
Again, the lines which do not meet any one of the lines a;, a,, a,, are a,, as, by, by, ¢, Cs:
these lines form a hexagon, the pairs of the opposite sides of which, a,, b;; a;, ¢;
bs, ¢, are met by the pairs a,, b,; ¢;, @, and @, b,, respectively, viz. by pairs out of the
system of three lines intersecting the system a;, a;, a,. And the lines a;, @;, a, may
be considered as representing any three lines nmo two of which meet. Again, consider
three lines in the same triple tangent plane, e.g. a;, b,, ¢;, and the hexahedron formed
by any six triple tangent planes passing two and two through these lines, e.g. the
planes z, y, z, £ 7, { These planes contain (independently of the lines a,, b, ¢,) the
twelve lines a,, as, a4, a5, by, by, by, b5, €5, s, €4, c5. Consider three contiguous faces of
the hexahedron, e.g. @, y, 2z, the lines in these planes, viz. a,, b;, ¢, a5, b,, ¢5, form a
hexagon the opposite sides of which intersect in a point, or in other words these six
lines are generating lines of a hyperboloid. The same property holds for the systems
z,m €; E y, & & m, 2. But for the system £ 7, { the six lines are a,, b,, c,, and
as, by, ¢35, which form two triangles, and similarly for the systems & vy, z; «, 5, z; and
z, y, &; so that the twelve lines form four hexagons (the opposite sides of which inter-
sect) circumscribed round four of the angles of the hexahedron, and four pairs of triangles
about the opposite four angles of the hexahedron. The number of such theorems might
be multiplied indefinitely, and the number of different combinations of lines or planes
to which each theorem applies is also very considerable.

Consider the four planes z, £ x, X, and represent for a moment the equations of
these planes by z+ Aw=0, z+ Bw=0, 2+ Cw=0, 2+ Dw=0, so that

1 2
F(P rajs

(m_l> (n_1>, O 30 el b -

n p+RB

By the assistance of

B 5 n (p = @)+ 2m] [im (p — @) + 20},

5 OF e (pP=8
1t is easy to obtain

(4-0)(D-B) _
A-D)B-0)

p—=B [l (p—a)+2mn][m(p—a)+2nl][n(p—a)+ 2lm]

lmnp+/3[mn(p—a)+2l] [nl (p — ) + 2m] [Im (p — ) + 2n]

b
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454 ON THE TRIPLE TANGENT PLANES OF [76

which remains unaltered for cyclical permutations of I, m, », i.e. the anharmonic ratio
of z, & x, X is the same as that of 7, 9, y, y, or 2, § z z; there is of course no
correspondence of z to y or £ to 7, &c., the correspondence is by the general pro-
perties of anharmonic ratios, a correspondence of the system «, £ x, X, to any one of
the systems (y, #, y, ¥), or (n, . ¥, y), or (¥, ¥, % %), or (¥, ¥, m, ¥), indifferently.
The theorems may be stated generally as follows: “Considering two lines in the same
triple tangent plane, the remaining triple tangent planes through these two lines
respectively are homologous systems.”

Suppose the surface of the third order intersected by an arbitrary plane. The
curve of intersection is of course one of the third order, and the positions upon this curve
of six of the points in which it is intersected may be arbitrarily assumed. Let these
points be the points in which the plane is intersected by the lines a,, by, as, b5, Cs, a5
or as we may term them, the points a,, b,, as, bs, Cs, @s.(®) The point ¢, is of course the
point in which the line @b, intersects the curve. The straight lines a.becs, biCods, Cishs,
and @by, bCots, Ciashs, show that ¢, and b, are the points in which asbs, and asc, inter-
sect the curve, and then by and ¢; are determined as the intersections of asc,, agb, with
the curve. The intersection of the lines b, and by, (which is known to be a point
upon the curve by the theorem, every curve of the third order passing through eight
of the points of intersection of two curves of the third order passes through the
ninth point of intersection) is the point a,. The systems a,, b, ¢i; ag, bs, Co; @s, s, Cs,
determine the conjugate system a,, s, ¢;; a7, b;, ¢;; @4, by, Co; by reason of the straight
lines aa,a;, bbbs, ciCiCs; e, bbby, ciCeCr; gy, bibghy, cicsCy, Viz. ay is the point where
a,a, intersects the curve, &e. The relations of the systems (ay, bi, ¢i; @5, bs, ¢5), (as, bs, Cs;
az, by, ¢;), (as, bs, Cg; @y, by, C) to the system a,, b, ¢1; @y, by, €25 a5, bs, 3 are precisely
identical. It is only necessary to show how the points a,, b, c»; as, bs, ¢; of the
latter system are determined by means of one of the former systems, suppose the
system ag, bs, C; @y, by, ¢;; and to discover a compendious statement of the relation
between the two systems. The points a,, by, ¢1; @s, bs, Co; as, bs, Cs; s, bs, Cs; @, by, cr,
are a system of fifteen points lying on the fifteen straight lines a@bic;, @sbycs, asbycs,
a,a5ds; “bibaby, Cleics, ‘@ately, DDy, CiCeCr, (iDiCas. DsOrtle; Calalg, QaboCrs UiCelly, CalleDy, ViZ..LHe nine
points @, by, ¢; @, by, €25 a3, bs, c; are the points of intersection of the three lines
b0y, abyc,, asbe; with the three lines a,a.a;, bb.bs, ¢ic6;, and the remaining six points
form a hexagon agb,csa;bc;, of which the diagonals a@ea,, beb;, cec; pass through the points
@, b, ¢, respectively, the alternate sides agb,, ¢,, and b, pass through the points
¢, by, a, respectively, and the remaining alternate sides b,cs, a,bs, and c,a; pass through
the three points a;, b;, c; respectively. The fifteen points of such a system do not
necessarily lie upon a curve of the third order, as will presently be seen: in the
actual case however where all the points lie upon a given curve of the third order,
and the points a;; b5 o;~as, 5, 65 &, 0, ¢ “are: known, ds, ba; G s, b;, c .are the
intersections of the curve with b, cea,, a;, b.cs, c;as, a;bs respectively, and the fact

1 In general, the point in which any line upon the surface intersects the plane in question may be repre-
sented by the symbol of the line, and the line in which any triple tangent plane intersects the plane in question
may be represented by the symbol of the triple tangent plane: thus, a;, b;, ¢; are points in the line a;b,c;, or in
the line w, &e.
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76] SURFACES OF THE THIRD ORDER. 455

of the existence of the lines abic;, @ubiCs, @shsCs, M5, bibobs, cicic; is an immediate
consequence of the theorem quoted above with respect to curves of the third order—
a theorem from which the entire system of relations between the twenty-seven points
on the curve might have been deduced d priori. But returning to the system of
fifteen points, suppose the lines abic,, @byc., ashscs, and aasa;, bbob;, and also the point
a; to be given arbitrarily. The point @, lies on the line a,as, suppose its position
upon this line to be arbitrarily assumed (in which case, since the ten points a,, a,, as,
b, bs, bs, ¢, o, ¢y, are sufficient to determine a curve of the third order, there is no
curve of the third order through these points and the point a@,). If the points

bs, cs, b;, ¢; can be so determined that the sides of the quadrilateral b&gb,cqic;, viz.
biby, bics, CoCry Cbs pass through the points b, a,, ¢, a, respectively, while the angles
bs, by, Cs, ¢; lie upon the lines a,c;, agc, a;b, and agb; respectively, the required condi-
tions will be satisfied by the fifteen points in question; and the solution of this
problem is known. I have not ascertained whether in the case of an arbitrary position
as above of the point @,, it is possible to determine a complete system of twenty-
seven points lying three and three upon forty-five lines in the same manner as the
twenty-seven points upon the curve of the third order; but it appears probable that
this is the case, and to determine whether it be so or not, presents itself as an
interesting probiem for investigation.

Suppose that the intersecting plane cvincides with one of the triple tangent planes.
Here we have a system of twenty-four points, lying eight and eight in three lines;
the twenty-four points lie also three and three in thirty-two lines, which last-mentioned
lines therefore pass four and four through the twenty-four points. If we represent by
a,bcd a,b,c,d and a, b, ¢, d, a/, b, ¢, d, the eight points, and eight points
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which lie upon two of the three lines (the order being determinate), the systems of
four lines which intersect in the eight points of the third line are

(aaruibh,, #conmedd); (a‘al; 70D, -sscichu did)s
(ab’, ba’, c¢d, d'c), (&b, iiblal, sbedt," bde! )i
(ac’s cal)' db; b'd), (o ciMcia ;e bd - dDe )
(ad’y zda seb'c s 'cb), (ad,: da, b ,m.chl):
the principle of symmetry made use of in this notation (which however represents the

actual symmetry of the system very imperfectly) being obviously entirely different from
that of the case of an arbitrary intersecting plane. The transition case where the

N 7
2 ’?
%

intersecting plane passes through one of the lines upon the surface (and is thus a double
tangent plane) would be worth examining. It should be remarked that the preceding
theory is very materially modified when the surface of the third order has one or
more conical points; and in the case of a double line (for which the surface becomes
a ruled surface) the theory entirely ceases to be applicable. I may mention in con-
clusion that the whole subject of this memoir was developed in a correspondence with
Mr Salmon, and in particular, that I am indebted to him for the determination of
the number of lines upon the surface and for the investigations connected with the
representation of the twenty-seven lines by means of the letters a, ¢, e, b, d, f, as
developed above.
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