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72.

NOTE ON THE THEORY OF PERMUTATIONS.

[From the Philosophical Magazine, vol. xxxiv. (1849), pp. 527—529.]

It seems worth inquiring whether the distinction made use of in the theory of 
determinants, of the permutations of a series of things all of them different, into 
positive and negative permutations, can be made in the case of a series of things 
not all of them different. The ordinary rule is well known, viz. permutations are con
sidered as positive or negative according as they are derived from the primitive 
arrangement by an even or an odd number of inversions (that is, interchanges of 
two things); and it is obvious that this rule fails when two or more of the series of 
things become identical, since in this case any given permutation can be derived 
indifferently by means of an even or an odd number of inversions. To state the rule 
in a different form, it will be convenient to enter into some preliminary explanations. 
Consider a series of n things, all of them different, and let abc ... be the primitive 
arrangement; imagine a symbol such as {xyz} (m) (υw)... where x, y, &c., are the entire 
series of n things, and which symbol is to be considered as furnishing a rule by which 
a permutation is to be derived ff’om the primitive arrangement abc... as follows, viz. 
the {xyz} of the symbol denotes that the letters x, y, z in the primitive arrange
ment ahc ... are to be interchanged x into y, y into z, z into x. The (w) of the 
symbol denotes that the letter u in the primitive arrangement abc ... is to remain 
unaltered. The {vw} of the symbol denotes that the letters v, w in the primitive 
arrangement are to be interchanged v into w and w into v, and so on. It is easily 
seen that any permutation whatever can be derived (and derived in one manner only) 
from the primitive arrangement by means of a rule such as is furnished by the symbol 
in question^; and moreover that the number of inversions requisite in order to obtain 
the permutation by means of the rule in question, is always the smallest number of

* See on this subject Cauchy’s “ M0moire sur les Arrangemens Ac.”, Exercises d’Analyse et de Physique 
MathSmatique, t. in. [1844], p. 151.
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i n v ersi o ns b y w hi c h  t h e p er m ut ati o n c a n b e d eri v e d. L et  α, β  ... b e t h e n u m b er  of  
l ett ers i n t h e c o m p o n e nts ( x yz ∖ ( u } ( y w ∖ & c.,  λ t h e n u m b er of t h es e c o m p o n e nts. T h e  
n u m b er of  i n v ersi o ns i n q u esti o n is e vi d e ntl y a  —  1  +  β  —  1  ÷  & c.,  or  w h at  c o m es t o t h e 
s a m e t hi n g, t his n u m b er is ( n —  λ). It will  b e  c o n v e ni e nt t o t er m t his n u m b er λ t h e 
e x p o n e nt of irr e g ul arit y of t h e p er m ut ati o n, a n d t h e n ( n —  λ) m a y  b e t er m e d t h e 
s u p pl e m e nt of t h e e x p o n e nt of irr e g ul arit y. T h e  r ul e i n t h e c as e of  a s eri es of  t hi n gs, 
all of t h e m diff er e nt, m a y  c o ns e q u e ntl y b e st at e d as f oll o ws: “ a p er m ut ati o n  is p ositi v e  
or n e g ati v e a c c or di n g as t h e s u p pl e m e nt of t h e e x p o n e nt of irr e g ul arit y is e v e n or  
o d d. ” C o nsi d er  n o w a s eri es of t hi n gs, n ot all of t h e m diff er e nt, a n d s u p p os e t h at 
t his is d eri v e d fr o m t h e s yst e m of t h e s a m e n u m b er of t hi n gs a b c  ... all of t h e m 
ori gi n all y diff er e nt, b y s u p p osi n g f or i nst a n c e α  =  δ  =  & c.,/ = ^  =  & c.  A  gi v e n  p er m ut a 
ti o n of t h e s yst e m of t hi n gs n ot all of t h e m diff er e nt, is of c o urs e d eri v a bl e u n d er  
t h e s u p p ositi o n i n q u esti o n fr o m s e v er al diff er e nt p er m ut ati o ns of t h e s eri es a b c  .... 
C o nsi d eri n g  t h e s u p pl e m e nts of t h e e x p o n e nts of irr e g ul arit y of t h es e l ast- m e nti o n e d 
s e v er al p er m ut ati o ns,  w e  m a y  c o nsi d er t h e gi v e n p er m ut ati o n as p ositi v e or n e g ati v e  
a c c or di n g as t h e l e ast of  t h es e n u m b ers is e v e n or o d d. H e n c e  w e  o bt ai n t h e r ul e, 

• “ a p er m ut ati o n of a s eri es of  t hi n gs n ot all of t h e m diff er e nt,  is p ositi v e or n e g ati v e  
a c c or di n g as t h e mi ni m u m  s u p pl e m e nt of irr e g ul arit y of t h e p er m ut ati o n is e v e n or  

o d d, t h e s yst e m b ei n g  c o nsi d er e d as a p arti c ul ar c as e of  a s yst e m of t h e s a m e n u m b er  
of t hi n gs all of t h e m diff er e nt, a n d t h e gi v e n  p er m ut ati o n  b ei n g  s u c c essi v el y c o nsi d er e d  
as d eri v e d fr o m t h e diff er e nt p er m ut ati o ns w hi c h  u p o n t his s u p p ositi o n r e d u c e t h e m
s el v es t o t h e gi v e n p er m ut ati o n. ” T his  o nl y diff ers fr o m t h e r ul e, “ a p er m ut ati o n  of  
a s eri es of t hi n gs, n ot all of t h e m diff er e nt, is p ositi v e or n e g ati v e a c c or di n g as t h e 

mi ni m u m  n u m b er of i n v ersi o ns b y w hi c h  it c a n b e o bt ai n e d is e v e n or o d d, t h e 
s yst e m b ei n g c o nsi d er e d & c., ” i n as m u c h as t h e f or m er e n u n ci ati o n is b as e d u p o n a n d  
i n di c at es a dir e ct  m et h o d  of  d et er mi ni n g  t h e mi ni m u m  n u m b er  of  i n v ersi o ns r e q uisit e i n 
or d er t o o bt ai n a gi v e n p er m ut ati o n; b ut  t h e l att er is, i n si m pl e c as es, of t h e e asi er  
a p pli c ati o n. As  a v er y si m pl e e x a m pl e, tr e at e d b y t h e f or m er r ul e, w e  m a y  c o nsi d er  
t h e p er m ut ati o n 1 2 1 2 d eri v e d fr o m t h e pri miti v e arr a n g e m e nt 1 1 2 2. C o nsi d eri n g  t his 
pri miti v e arr a n g e m e nt as a p arti c ul ar  c as e of a b e d, t h er e ar e f o ur p er m ut ati o ns  w hi c h,  
o n t h e s u p p ositi o ns α  =  δ  =  l, c  =  c Z =  2, r e d u c e t h e ms el v es t o 1 2 1 2, vi z. a c b d, b e a d, a d b c,  
b d a c, w hi c h  ar e o bt ai n e d b y m e a ns  of t h e r es p e cti v e s y m b ols ( a) ( b e) ( ¢/); ( a b c} ( d }; 
( a) ( b d c }; ( a b d c }, t h e s u p pl e m e nts of t h e e x p o n e nts of irr e g ul arit y b ei n g t h er ef or e 
1, 2, 2, 3, or t h e p er m ut ati o n b ei n g n e g ati v e ; i n f a ct it is o b vi o u sl y d eri v a bl e b y  
m e a ns  of  a n i n v ersi o n of t h e t w o m e a n  t er ms.
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