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45.

ON THE THEORY OF ELLIPTIC FUNCTIONS.

[From the Cambridge and Dublin Mathematical Journal, vol. Il. (1847), pp. 256—266.]
Adopting the notation of the Fund. Nova, except that for shortness sn u, cn«, dn u are written instead of sinam u, cosam u, V am u, let the functions Θ {u}, H (w) he defined by the equations

...........(1),
......................(2),it is required from these equations to express sn u in terms of the functions H (w). Θ(-u). To accomplish this we have 

whence also
If for a moment 

then
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45] ON THE THEORY OF ELLIPTIC FUNCTIONS. 291or writing· — u for u and subtracting, -∖lr,,u being an even function.
or putting u = K,

Nowand therefore 
orAlsoor

Hence

^∙θ∙ logsn?/:θr, changing the constant.
Now, to determine (7, write u—iK' for w; this gives
again changing m into —

"hence, multiplying these last two equations.
37—2
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292 ON THE THEORY OF ELLIPTIC FUNCTIONS. [45

orwhence
i.e. ...............(3):·and the equations (1), (2) and (3) may be considered as comprehending the theory of the functions H (u), Θ (u). The preceding process is, in fact, the converse of that made use of in the Fund. Nova; Jacobi having obtained for sum an expression in the form of a fraction, takes the numerator of it for H (w) and the denominator for Θ (tz), and thence deduces the equations (1), (2), the intermediate steps of the demonstration being conducted by means of infinite series; the necessity of which is avoided by the preceding investigation.I proceed to investigate certain results relating to these functions, and to the theory of elliptic functions which have been given by Jacobi in two papers, “Suite des notices sur les fonctions elliptiques,” Grelle, t. ill. [1828] p. 306, and t. ιv. [1829] p. 185, but without demonstration.In the first place, the equation ............ (4)is satisfied by S = Θ (u) or S = H (u). It will be sufficient to prove this for X = Θ (-w), since a similar demonstration may easily be found for the other value. The following ^preliminary formulae will be required:

which are all of them known.Now, writing Θ (w) under the slightly more convenient form
we have
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45] ON THE THEORY OF ELLIPTIC FUNCTIONS. 293The success of the process depends upon a transformation of the double integral
to effect this we have 
but, by a known formula.
whence 

or 

whence

But 
or, integrating, 
whence at length
Also 

so that
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294 ON THE THEORY OF ELLIPTIC FUNCTIONS. [45<∕2 <Z .Substituting these values of ®u, Θm and in the equation (4) in the placeof the corresponding differential coefficients of 2, all the terms vanish, or the equation is satisfied by Σ = Θ (?0, and similarly it would be satisfied by 2 = H (u).Assume now 
then observing the equation 
we have 

whence, substituting in the equation (4), this becomes
...(5∖

which is of course satisfied as before by Σ = Θ (ιι), or 2 = H (w), an equation demonstrated in a different manner (by means of expansions) by Jacobi in the Memoirs referred to.Consider next the equation
∙∙(6).

(n being any positive integer number). Then, by assuming 
we should be led as before to the equation (5). Hence, considering Θu or H?z as functions of u and , the equation (6) is satisfied by assuming for 2 a corresponding 

nK'function of nu and . Let λ be the modulus corresponding to a transformation of the A.order; then Λ, A.' being the complete functions corresponding to this modulus, Λ' jζ'
n , so that the equation (6) vdll be satisfied by assuming 2 = Θ, {mι))2 = (ww), where , H, correspond to the new modulus λ.
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45] ON THE THEORY OF ELLIPTIC FUNCTIONS. 295Assume now in the equation (6),
Hence, substituting,
but

or effecting the differentiation, and eliminating by means of the equation obtained from (4) by writing Σ = Θw,

Substituting in (6) and reducing.

i.e.

But

whence

'^hich is therefore satisfied by ..(7);
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296 ON THE THEORY OF ELLIPTIC FUNCTIONS. [45and each of these values is an algebraical function of sn u, {n∖z, either a rational function or a rational function multiplied by cnwdnii). Also, in the transformation of the n*'' order, 
so that it is clear that the above values of z may be taken for the denominator and numerator respectively of √λ sn^ u; i. e. these quantities each of them satisfy the equation (7).By assuming 
this becomes

•••(8);

which is therefore satisfied by assuming for z either the numerator or the denominator of √λsn^% (the transformation of the w*** order), which is the form in which the property is given by Jacobi.In the case where n is odd, the denominator is of the form 
and then the numerator is 
where 
and all the remaining coefficients may be determined from these, the modular equation being supposed known. But the principal use of the formula is for the multiplication of elliptic functions, which it is well known corresponds to the case where n is a square number. Writing n = v~, when v is odd, the denominator is
(the + sign according as r=(4τ> + l) or (4p — 1)); and the numerator is obtained from this by multiplying by x and reversing the order of the coefficients. When v is even the denominator is
(+ or —, according as v = 4∕> or v = 4p + 2), so that there are only half as many coefficients to be determined; but then the numerator must be separately investigated.
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45] ON THE THEORY OF ELLIPTIC FUNCTIONS. 297In general, by leaving n indeterminate, and integrating in the form of a series arranged according to ascending powers of a?; then, whenever n is a square number, the series terminates and gives the denominator of the corresponding formula of multiplication ; but the general form of the coefficients has not hitherto been discovered.
⅛C ∙ ∙By writing instead of x, and then making n infinite, the equation (8) takes the form ...........(9):and it is worth while, before attempting the solution of the general case, to discuss this more simple onebAssume

then it is easy to obtain
The general form may be seen to be

and then

The complete value of Cr^ (assuming C∕ = 0) is given by an equation of the form
where “(7,.^, ..........are algebraical * functions of r of the degrees 2p — 2, 2p — 4>, &c.respectively; but as I am not able completely to effect the integration, and my only object being to give an idea of the law of the successive terms, it will be sufficient to consider the first or algebraical term which is determined by the same equationas (7/, and is moreover completely determined by this equation and the single additional

1 Writing (/3 + 2) for a, and putting z = p, this becomes

and if p=ΣZ^,

38
from which the successive values of Zθ, <fec. might be calculated.

C.
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298 ON THE THEORY OP ELLIPTIC FUNCTIONS. [45relation C∕ = 1, since the arbitrary constants of the integration affect only the terms multiplied by S’", &c.
Assume

and substituting this value, 

the law of which is obvious, the coefficients on the second side in the g-th line being1, 4tq — 19, and (2g — 3) (2g — 2) respectively. By successive integrations and substitutions

(the constants determined by = 0, = 0, O≡ = 0, = 0, ... so as to make C∕ contain positive powers only of r}.The following are a few of the complete values of the constants determined so as to satisfy = 0 (except G^ = 1), and the factorials being partially developedin powers of r, viz.

(it is curious that G^^, G^*, G∕, all three of them vanish). It seems hopeless to continue this investigation any further.Returning to the equation (8), and assuming for z an expression of the same form as before, we have, corresponding to the equations before found for the coefficients Gr,
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45] ON THE THEORY OF ELLIPTIC FUNCTIONS. 299The case corresponding to the denominator in the multiplication of elliptic functions is that of Co=l, C*ι = 0. It is easy to form the table—

&c.in which of course the coefficient of the highest power of w, in the .successive coefficients 6>, is the value of Gγ obtained from the equation (8). With regard to the law of these coefficients I have found that

(where however the next term does not contain, as would at first sight be supposed, the factor n (n — 1≡) ... {n — (r — 4)≡∣). And then

38—2
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300 ON THE THEORY OF ELLIPTIC FUNCTIONS. [45In conclusion may be given the following results, in which, recapitulating the notation

&c.Thus, writing — for a>∙≡, k = 1, and therefore α=2, 
where x — tan u. (And in general in reducing tan nu the extraneous factor in the numerator and denominato/is (1+ic2)i"<"-ι>,)
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