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45.

ON THE THEORY OF ELLIPTIC FUNCTIONS.

[From the Cambridge antl Dublin Mathematical Journal, vol. 1 (1847), pp. 256—266.]

ADOPTING the notation of the Fund. Nova, except that for shortmess snw, cnu
dn w are written instead of sinam u, cosam u, V am u, let the functions @ (u), H (v)
be defined by the equations

2Kk yua 1—‘3—#0“0,“1

®u=,\/(—w—)e ( K) 1 o SO L PR kG (1),
_m (K= 2iu)

Hom wing. W5 B0y i O 2),

it is required from these equations to express sn  in terms of the functions H ()
® (u). To accomplish this we have

d 1 & d
d‘ualog Snu=m@25nu—m<d—u Snu>

1
=—1+kF)+ 2k“sn=u—{m-(1 +k2)+k’sn’u}

= ksn®y —

snfu’

whence also

dﬂ
—— log snu = k?*snu — k?*sn® (u 4 1K),

du
If for a moment
\[r,u=fdusn’u, ,,u=fduf du sn®u,
0 { 0
then log sn u = ks, u— K+, (u+iK) + du+ B;
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45] ON THE THEORY OF ELLIPTIC FUNCTIONS.

or writing —u for u and subtracting, 4y, u being an even function,
24u =i — kN, GK' — w) + kY, (K’ + ),
or putting u =K,
24K =i — k™, (K’ — K) + kY, GK’ + K).

Now sn?(u+ K)—sn?(u—K)=0,
and therefore v, (u+K)— Y, (u —K)=2 K,
Vv, u+K)—,(u ~-K)=2u K,
or ¥, (K + K) = v, (iK' — K) = 2Ky K.
Also E(u)=u—kyu,
& E=R_ K, ie. ¢,K=IE‘:(1 0 %
Hence

e E e
A =1K (1—X>+ﬁ{,

log sn u = ke, u — k4, (u + 1K') + wiK’ (1 - %) + %r%z + B

; i E\ 7w G
= kg, u— Ko, (1 + 1K) + § [(u + iKY — ] (1 % R) +3z + B
Le. log snu=10g®(u+iK’)—log®u+;T1?+B’,
or, Chan_ging the constant,
%0 (u+ik’)

snu = Ce ou X

Now, to determine C, write w —iK’ for u; this gives

1 @B Ou
Fanu =% O —ik)’
nd again changing % into — u,

Ou

Vhence, maultiplying these last two equations,
nK’
1 3%

= —= s

37—2

www.rcin.org.pl

291



292 ON THE THEORY OF ELLIPTIC FUNCTIONS. [45

PR .
e lon SR
or C= Tk e
whence it
w (K —2iu,
e =ik O (u+1K')
= T
~ _H®®) f
ie. Nk snu= 5 < Rt o enesdien s i 3);

and the equations (1), (2) and (3) may be considered as comprehending the theory of
the functions H(u), ® (u). The preceding process is, in fact, the converse of that made
use of in the Fund. Nova; Jacobi having obtained for snu an expression in the form
of a fraction, takes the numerator of it for H (u) and the denominator for ® (u), and
thence deduces the equations (1), (2), the intermediate steps of the demonstration
being conducted by means of infinite series; the necessity of which is avoided by the

preceding investigation.

I proceed to investigate certain results relating to these functions, and to the
theory of elliptic functions which have been given by Jacobi in two papers, “Suite
des notices sur les fonctions elliptiques,” Crelle, t. 111. [1828] p. 306, and t. 1v. [1829]
p- 185, but without demonstration.

In the first place, the equation

“%25 e (k’? 4 1?) gz + 2k 7 2 ........................ (4)

is satisfied by S =0 (u) or £=H (v). It will be sufficient to prove this for =0 (u)
since a similar demonstration may easily be found for the other value. The following
preliminary formule will be required:

dK E dE _

dK’ E kK 7 e
kEE:—k_’ﬁ_F’ KK——EK—EK=—1}7T,

which are all of them known.

Now, writing ® () under the slightly more convenient form

Ou = \/ (21{1‘/) glodu fodudn’u—;uﬁg,
™

we have
dBu . E . 0! { g ] 2
d =(f0d dnu_._I—{ )®u—{u<k2—i)+kfoducn ’u,}@u’
d;gu___ {dn’“—§+ {“(k"”—§> + & [, du en? u}z] BOu,
dBu 1 dKF A
ke~ |:2K/c' —u d]cK+f0dufo du(—ﬁcdn u:] Ou.
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45] ON THE THEORY OF ELLIPTIC FUNCTIONS. 293
The success of the process depends upon a transformation of the double integral
d
fodufodud—k dn?u ;
to effect this we have

%dn*u:—%snu (snu-{-kd%snu)

but, by a known formula,

kfzd%ésnu=—kcnudnufocn“’udu+kcn”usnu;
whence
d 1
snu+kd~ksnu—k—2snudn2u-—k2cnudnufoducn2u,
iy ok, 7. -
or a—lgdn u=—k—,2(sn wdn®u — k?*snu cnwdn u f, du cn? u)
=.__].”. qn2udn’u+1}k"(icn2u>fdu 2ur;
7 du oducn?uf;
whence

fodu [, du dngu =— k’* {fo du [, du sn*w dn? v + & [, du (en®w fdu en® u — [du cnt )}

- /-c]% {fodu [, du (2 sn®u dn?u — k* en w) + 4&2 ([, du cn®u)?).
But :
a2
g S w=2 (en*udn*u —sn*u do’u —k*sn*u en’u) = 2 (k* — 2 sn? w dn? u + &* ent ) ;
or, integrating,
sn?u = k% u? — 2 [, du f[odu (2 sn?u dn*u — &? ené u) ;

whence at length

Jodu [, du d dn2 u=—%kw+% sn’u + 2Ic’2 (fo du en® w2,

k2
Also
d ; E e K d E 1 / gg = E2
=" gx =m0 -5
%0 that
2
d (;)cu 2]:.”2 {ﬁ i IR (152 e II%) — I* (Jdu en? u)ﬂ} Bu.
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294 ON THE THEORY OF ELLIPTIC FUNCTIONS. [45

Substituting these values of j Ou, élz@u and y @u in the equation (4) in the place

of the correqPonding differential coefficients of =, all the terms vanish, or the equation
is satisfied by = = O (u), and similarly it would be satisfied by = =H (u).

Assume now

_wK’ _mu
i bt o
then observing the equation
d K’ 1 ’ " 7 yibs ™
dk K ~ Kk* T 2K°kk"’

we have
% _w dX 4% _ = &%
u 2K dv’ dur 4K®dv’
__)dz m d3

dv  2K°kk” dw’

whence, substituting in the equation (4), this becomes

’z dz

S Bt B e (5),
which is of course satisfied as before by % =0 (v), or Z=H(u), an equation demon-
strated in a different manner (by means of expansions) by Jacobi in the Memoirs

referred to.

Consider next the equation

&3 ds L3
o — 2 (k’* K) G TG =0 ).

(n being any positive integer number). Then, by assuming

- we should be led as before to the equation (5). Hence, considering ®u or Hu as
functions of % and Ié , the equation (6) is satisfied by assuming for = a corresponding
KI

Ve

n™ order; then A, A’ being the complete functions corresponding to this modulus,
AI
A
b

function of nu and Let A be the modulus corresponding to a transformation of the

= n% , so that the equation (6) will be satisfied by assuming = =0, (nu) or
= H, (nu), where ®,, H, correspond to the new modulus A.
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Assume now in the equation (6),

==(3) Y Ry o @y,

Hence, substituting,

d); (@ . 2) — 2nu (L"“ <4 ) 2 (®mu.5) + 2ukk'® (KK )} = d% (K)o @ny. 2] =
’ e d 7 e i n . d n—1 de‘l il
but (B3 ) 2 [0 @ 2] = 0 (B..9) = G - O,

or effecting the differentiation, and eliminatin, it by means of the equation obtained
g 8 Ik e q

from (4) by writing % = Ou,
(KW o %c (KR @y . 2]
. | dz nz d? Bu " d®u) n-—1 E
Wi [d_k—2lclc”®u{ dw 2(" ‘T() du }* 2%k (1 " T()z} '

Substituting in (6) and reducing,

d’z 1 dOu ? dz &
—+2n[ ol (k’——)] +2n Ickd

du? BOn du du k
1 /dO®u\* 1 d?Ou E
+"<"—1>{[@zz ) ‘@Tw}(“?)}“"’
- d?z d log Ou REY: ) dz i
: E
+n(n—1)[ d_lglgT(@%_a (I—K)]z=0.
But
dl(:lg/"" ®u <k/3 K) k2 fo du cn® u,
d?log Ou E "
-—d—;ﬁ——l——R—k’sn’u,
Whence
e 2 'zd 1) k2sntu.z=0 7);
au 2+2nlc=‘(f.,(;lu,cn’u)d + 2nkk +n(n-— Yirent . 2= 005 vions. s g1y

Vhich is therefore satisfied by

ORI\ v @ nu 2Kk’>*‘"'” Hnu
Ll < ) Oy’ &7, ( T Oy

m™
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296 ON THE THEORY OF ELLIPTIC FUNCTIONS. [45

and each of these values is an algebraical function of snw, (viz. either a rational
function or a rational function multiplied by cnwdnw). Also, in the transformation of
the n™ order,

H, (nu)

8, (nu)’

so that it is clear that the above values of z may be taken for the denominator and

numerator respectively of y/Asn,u; ie. these quantities each of them satisfy the equa-

tion (7).

A/Asn,u=

By assuming

1
x=ksnu, a=k+E,

this becomes

n(n—l)z“z+(n—l)(aw—2w3)3—;+(1—aw2+m‘)‘jl%—2n(a2—4)3—z= O o (8);

which is therefore satisfied by assuming for z either the numerator or the denominator
of a/Asn,u (the transformation of the =™ order), which is the form in which the
property is given by Jacobi.

In the case where n is odd, the denominator is of the form
B, + B,Z‘2 +B§(n_1) 7

and then the numerator is

2 (Byn—y) ... + Ba" 3+ B ),

5=/ (gw): Bos=+/ (a3

and all the remaining coefficients may be determined from these, the modular equation
being supposed known. But the principal use of the formula is for the multiplication
of elliptic functions, which it is well known corresponds to the case where n i a
square number. Writing n =% when » is odd, the denominator is

where

1+ Bza:‘ R B}(v’—s) a8 + ppr*! g

(the + sign according as v=(4p+1) or (4p—1)); and the numerator is obtained from
this by multiplying by # and reversing the order of the coefficients. When » is even
the denominator is

14+Bxat ... + Ba"*+ 2",

(+ or —, according as v=4p or v=4p+2), se that there are only half as many co-
efficients to be determined; but then the numerator must be separately investigated
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45] ON THE THEORY OF ELLIPTIC FUNCTIONS. 297

In general, by leaving = indeterminate, and integrating in the form of a series
arranged according to ascending powers of a?; then, whenever n is a square number,
the series terminates and gives the denominator of the corresponding formula of multi-
plication ; but the general form of the coefficients has not hitherto been discovered.

By writing ‘\%z instead of #, and then making n infinite, the equation (8) takes the

form

dz
w’z+awdw @—2(2 )——=0 ........................... 9):

and it is worth while, before attempting the solution of the general case, to discuss this
more simple onel.

Assume

o
z‘1+C‘1 g Oyt

then it is easy to obtain

d01'+1

Cria=—(2r+1)(2r+2) 0, — (2r +2) allyy + 2 (a*— 4) —

The general form may be seen to be
Cr=(-)t{22Cra2+ 2" Cla*+ ... ],
and then
Crp? —pCP=—1r2r—-1)C, 27 +16 (r + 2 —2p) C,771.
The complete value of C,? (assuming C,°=0) is given by an equation of the form
C,r=C2+C22r +2C23 ... +?1C,2p",
where °C.2, 10,2, ...... are algebraical “functions of » of the degrees 2p—2, 2p -4, &ec.
respectively; but as I am not able completely to effect the integration, and my only
object being to give an idea of the law of the successive terms, it will be sufficient to

consider the first or algebraical term °C,?, which is determined by the same equation
as 0,#, and is moreover completely determined by this equation and the single additional

1 Writing (8+2) for «, and putting 2= p, this becomes

O~ p=pao- o 22 + (828 %

e ag’
and if p=22Z,8",
dZ -8n+1)Z,= <z’+2n~2—x£) 7AME
from which the successive values of Z,, Z,, &c. might be calculated.
a. 38
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298 ON THE THEORY OF ELLIPTIC FUNCTIONS. [45

relation C,'=1, since the arbitrary constants of the integration affect only the terms
multiplied by 27, 37, &e.

Assume C,?

= f}#‘ (201 L2 [r— 2]%—2 4 202 M2 [y — 3]P—3 4 ... 2721 XP[r — 2p]} ;
and substituting this value,
(1—p)L» —(1-p) (I b
A=p)M?—2p(2—2p) L7 =(1 —p) {MP - 11177 ¥4
(A=p)N? —2p (3 —2p) MP =(1 —p) (Nt — TMP 12097},
(1- p) 01" —2p (4 —2p) N» =(1 —p) {01"1 — 8NP 4 30MPY,

the law of which is obvious, the coefficients on the second side in the gth line being
1, 49 — 19, and (2¢q — 3) (29 — 2) respectively. By successive integrations and substitutions
Ly — L =:0 Ir =1,
Mr — Mo = 4p — 11, Mr=(p-1)(2p-T),
NP — NP1 = — 8p* 4 26p* + 49p — 114 ;

(the constants determined by M'=0, N'=0, 0*=0, P*=0, ... so as to make C? con-
tain positive powers only of 7).

The following are a few of the complete values of C,?, the constants determined
so as to satisfy C",,+l =0 (except Cy'=1), and the factorials being partially developed
in powers of », viz

C'rl = 1;

C2=(r-38)(2r-"7),

C2=1%(r—4)(r—>5) (4 — 24r + 51),

=1 {(r—>5)(r—6)(r—"T)(8r*— 60r2+ 2867 + 63) + 384 (972 — 93r + 242 — 2. 47)},

&e.

(it is curious that Cp Cg, Cp all three of them vanish). It seems hopeless to con-
tinue this investigation any further.

Returning to the equation (8), and assuming for z an expression of the same
form as before, we have, corresponding to the equations before found for the co-
efficients C,,

Criam— (2r+1) (20 +2) (n = 2r) (n— 2 = 1) 0, — (2 +2) (n— 2 — 2 aCly + 2n (& = §)
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The case corresponding to the denominator in the multiplication of elliptic func-

tions is that of Cb=1, C,=0. It is easy to form the table—

g =it

Cl = O)

C,=—2n(n-1),

C;= 8n(n—1)(n—4)a,

Ci=—4n(n—-1)(n—4) [n+75]

-8 (n—1)(n—4) (n—9) a2

C,= 96n(n—1)(n—4)(n—9) [n+44]a
+128n(n—1)(n—4) (n—9) (n—16) o,

Cs=—24n(n—1) (n—4) (n—9)[17n* + 403n + 9000]
-960n(n—1)(n—4)(n—9)(n—16) [n+ 41]a®
—-512n(n—1)(n—4) (n—9) (n—16) (n — 25) o,

C;=+96n(n—1)(n—4)(n—9) (n— 16) [TIn* +2825n + 36180] «
+7168n(n—1) (n —4) (n—9) (n—16) (n — 25) [n+42] @@
+2048n(n—1) (n —4) (n—9) (n— 16) (n — 25) (n — 36) s,

Oy=—48n(n—1) (n—4) (n—9) [283n* — 26978n* + 277827Tn? — 5491932n + 127764000]
—3840n(n—1) (n—4) (n—9) (n—16) (n — 25) [23n2 + 10697 + 23436] o
—15360n (n—1) (n—4) (n - 9) (n — 16) (n— 25) (n — 36) [3n+133] &
- 8192n(n—1) (n—4) (n—9) (n—16) (n —25) (n — 36) (n— 49) a®,

&e.

in which of course the coefficient of the highest power of =, in the .successive co-

efficients

Cy,, is the value of C, obtained from the equation (8). With regard to the

law of these coefficients I have found that

Co=(=yt2rs3nn—-1% ... (n—(r—-1) Cla?
+2p(n—1% ... {n—(r—2)} CFa—
+2n(n—1% ... n—(r-3) Cla—*
+ &e.

(vhere however the next term does not contain, as would at first sight be supposed,
the factor n(n —12) ... (n—(r—4)?}). And then

(L=,
Cr=(@r—-38)[n(2r-T)+(r-1)(8r=T7)]

Cp=13(r—4)(r—5)[ n*(40°—24r+51)
+ 1 (320% — 2207 + 4127 — 255)
+2(r—1) (r—2) (32r*— 88r + 51)].
38—2
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In conclusion may be given the following results, in which, recapitulating the
notation

z =k snu, a=k+%, Ax=d(l—qx“+z4),

2z Az

Ak sn 2u = FL A
(3 — 4ax® + 62t — a°)
1 — 62* + 4az® — 328 ’

Nk sn 3u =

g 42 Az (1 — af) (1 — 2a0° + 62* — 2a2® + 2*)
v S0 A = T 700 + 32aaf — (26 + 16°) #° + 324 — 2042 + 2%

Nk sn bu = 2 {5 — 20az® + (62 + 16a%) #* — 80az® — 1052° + 360az™ — (300 + 240a?) 2

+ (368 + 64a%) 2 — (125 + 160a2) 2% + 1402z — 502 + 2%
[1—50a* + 140az® — (125 + 1602) 2° + (368 + 64a°) 2 — (300 + 2402°) 2"

+ 360azt — 1052% — 80az™® + (62 + 16a2) 2% — 20az + 5%

&e.

Thus, writing — 2® for 2% k=1, and therefore a= 2,

B+822+ 60— z(B—a)(1+2F x(3—a?)
1-6—8F-32* (1—-3a)(1+2) 1-32°

tan Bu=a

where z=tanu. (And in general in reducing tannw the extraneous factor in the
numerator and denominator is (14 z%)irm-1))






