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BRIEF NOTES

Field equations for micropolar current and a heat conducting
magnetically-saturated solid

N. NAERLOVIC-VELJKOVIC (BELGRAD)

STARTING from the balance of magnetization and the balance of energy, the equations
of motion, boundary conditions and the energy equation are derived. Assuming the
existence of internal state variables and postulating the entropy equation, constitutive
equations and dissipation inequality are obtained.

1. Introduction

THE PURPOSE of the work is to derive basic field equations for an elastic micropolar solid
under mechanical, thermal and electromagnetic influence. The thermodiffusion for the
studied model, without electromagnetic influences, was analyzed in Paper [6]. The behaviour
of deformable media in the electromagnetic field was studied in a number of works, e.g. in
[1, 2, 3 and 4].

2, External electromagnetic field

The electromagnetic variables satisfy the Maxwell field equations for electric conductors
which, in Gaussian units, take the form

éD B
2.1 CV xH =W+4HCJ’ CVXE = =
In addition to Eq. (2.1) the auxiliary Maxwell equations are satisfied identically:
(2.2) V- D=4ngq, V-B=0,

where C is the speed of light. For the electromagnetic field in matter, in the absence of
polarization, the following relations exist

(2.3) H=B-4zM, D=E
with M-magnetic moment per unit volume.

We introduce the following electromagnetic variables defined in points X* of the
moving matter:

2.4) e, e B, ettt pul
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These variables are: w—magnetization density, e—electromotive intensity at a point
moving with the particles of the motion, j—conduction current relative to the particles
of the motion, e—charge density and p—mass density.

3. Magnetic exchange field

Suppose that the mass of the macroelement remains conserved during the regarded
process, and since the material is magnetically saturated, the magnitude of the magnetic
moment per unit mass y is conserved:

(3.0 pow=
with u; = const when a homogeneous material is assumed. From Eq. (3.1) it follows
immediately:

(3.2) pofi=0A (=0
According to Eq. (3.2), we express the rate of magnetization in the following way:
(3.3 = wXxp,

w representing the angular velocity of magnetization.
We postulate the balance of magnetization in the integral form as follows:

d
(3.4) 2r [ T lopdo = [oux (B +Buw)do+ [ opxFoydov.
v v v

Here I' is the gyromagnetic ratio, I"~!p the spin angular momentum and B, the local
material magnetic field. The second integral on the rhs of Eq. (3.4) represents the contri-
bution of the magnetic exchange field F,,, [3].

The application of the equation of balance (3.4) to an elementary tetrahedron yields
the definition of the magnetic exchange tensor AY:

(3.5) Fi,, = A'n;.

Providing
(3.6) @14 =0,
we obtain the local form of balance of magnetization
(3.7 ol = e’ [Bi+ Buy+eo7 " (04i).ou;-
From Eq. (3.7) it may be seen that without loss of generality one may put
(3.8) wjBi, =0 A p;A" = 0.
Multiplying both sides of Eq. (3.7) with w, we obtain a useful relation:
(39 ofuil B'+ Bigy +07" (e4")1] = 0.

4. Balance of energy

We add to the expression of energy balance derived in [6] the contribution due to the
existence of the electromagnetic field and magnetic exchange field:

1 ‘B JE C oB
4.1) Q(m) = *—E!(B—a—‘"-l- E—at—)dﬂ-—-&?éf (E xH)dov = !(E J—M—ﬁ)dv
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and
(4.2) Quw = IQ(FXF(ni)' wdiv = f‘gﬂ;Ffﬂ,daﬂ.
dv dv
In that way the equation of energy balance reads

(4.3) f o@ v+ j+i)dv = f?(fiﬂi+[:‘f"ij+h)df’+ f(]‘sﬁ‘?em”-‘ﬁﬂk

+ —é;ges‘*v,- = QBI—M, + QBi s H—gB“"ﬁ;vi) dv + f (T“UI + MU'IJ'U- + gFEmﬁ,-)dﬁv,
v

where

(4.4) I = - = [*yteyl,,

represents inertia spin, /** being inertia coefficients of the macroelement, v'—velocity of
the macroelement mass center, v; = —»;;—gyration tensor; u—internal energy density;
T', HY = — H/'—surface force and surface couple per unit area; f*, I/ = —Pi—body

force and body couple densities; g—heat influx per unit area; A—heat supply density.
The application of Eq. (4.3) to an elementary tetrahedron yields the definitions of the
stress tensor, couple stress tensor and heat flux vector:

T = tny, q = q'n;,
MY = MV, Fi,= A'n,
while Eq. (4.5), coincide with Eq. (3.5), n; being the outwardly directed normal. Relations
(4.5) are valid for an interior point. If it is a boundary point, supposing the boundary
surface has a continuous tangent plane, the relations (4.5) become boundary conditions
for the prescribed values at the Jhs of Egs. (4.5).

Taking account of Egs. (3.9) and (4.5) and using the theorem of divergence, we further
obtain

(4.5)

46) [ oGvi+ Iy +iydo = [ [9(f‘”:+f”"u+’?+i¢:.aﬁ"—3&)ﬂt—B‘—PH‘#J B,

+ -lEes‘v,) + v+t 4+ MY+ My e+ %e”"v‘ Jj Bk] dv.
Requiring the invariance of Eq. (4.6) under the added virtual velocities corresponding
to rigid body motions,
v = U+a;, i =+ Qup,
(4.7) Vi =0+ iy, fug > gt e Qu,
vij = v+,
we obtain the following equations of motion:

i L
4.8) i+ 5 @7 Be+oee) +op; B = ol

0+ MYy + 0l + out B, + opth A = oIV
The last term at /hs of Eq. (4.8), vanishes, providing that Eq. (3.6) is satisfied.
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Introducing the quantity
(4.9) ¥ = u+u; B

having the character of energy density and using Eq. (4.8), we derive the local ‘orm of
the energy equation as follows:

(4.10) oy = t9(v; j—vi)+ My 4 0 AT (i j—vapl ) — 0 BiLy (fu—vis i)+ 0 + ¢ i+ ;.

5. Thermodynamical restrictions and constitutive equations

We postulate the thermodynamical model with the entropy balance in the form of
the following equation:

o Fogg . oh | 40  Jjl&
(CR)) o = 5 @itehti-€) = [("&‘L*“ﬁ‘ +=g g
with 7 being the entropy density. Introducing the free energy density,

y = x—0n,
(5.2) op = t9(wy j—vi)+ M vy o+ 0AY (fuy, j—vii pl ) — 0Bl (fui —vij ') — onf
we get the expression for the dissipation function in the form

i
(5.3) oo = obn—0 (%‘) ‘ —ph=—op+ ‘”(ﬂt,J"’Jj)'l‘ Mm"u.k

+0AY(fuy, ;—vii i y) — 0 Bir, (fei —vij 1) + ?% +.fi':‘9’?b'

As a sequence of the Clausius-Duhem inequality, we assert that Eq. (5.3) must >e non-
negative:
(5.4) 0¢ 2 0.
We obtain [7] the derivatives at the rhs of Eq. (5.3) as follows:
Vi j—Vij = x'ﬁ‘:X;ﬁ éxr  (exL = x:;fox—GxL).
Vije = XXX i Kxew (Kxow = Xk X'Lm)

ﬁi‘—"’ij#‘ = x'.t:?.ﬂx (mg = x.kx#k)a
ﬁl.j"‘”u#fj = x’.{lX;;}ﬁixL (mgr = x*xpi;n)-

From Egs. (5.3), (5.4) and (5.5) we obtain

(5.3)

(5.6) —op+tY XK by + MUK A XY, KKLM +0A4" x% X g, — By 1 ik
" ig ;
—ont+ _‘1_8__1 +je 2 0.

Now we assume that there exists a set of n-internal state variables o,,, having an influence
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on the dissipation of energy. Let by that assumption and by the expression (5.6), we come
to the following list of arguments of the internal energy density:

0.i

(5.7 exr, Kkms» Mk, mge, 0, 0 &y Ay,
vr=1,2,...,n

Following the Truesdell’s principle of equipresence, we suppose that all other response
functions in Eq. (5.3) also depend on the arguments (5.7). The rate of change of «, may
also be governed by a generally nonlinear function f,, of the arguments (5.7). Hence:

. 0
Oy = J» (EKLs KKLM’ Mg, Mg, ﬁ&'_éi » €is a(w))’
6-(
(58) ql == Q’t €KL KKLM’ Mg, Mgp, 89_6' » €is Uy | s

o . 0,
Jk . Jk(fx!_s Kyim, Mg, mgy, 0, 6’ &i, ﬁm)-

Returning to the conditions of the constraints in Egs. (3.2), introducing four Lagrangian
multipliers N and N* and proceeding in the usual manner, we obtain from Eq. (5.6) the
following:

oy ij. L x)- ( dy ijk K oL ) _ oy
(5.9) (E’ Pexs Yy X )ekL— oKxin — MR g% XY ) Ko omg

i s a
+e(B:L;+Np‘+N’p:L)x‘&]mx—[ga—m'f_—e(A'J N*u' xlp) 2% X ]mu

dy _ Oy 0, oy . oy q'0 ;
e el e
0

In order to have Eq. (5.4) satisfied for any independent thermodynamical process, the
following equations must take place:

oy
"

2 op i ady i
f‘-r = gp—21 ot -! ijk —_ 4 J _k el
4 ast X-kXiL> M @ aKKLM XkX-LXM> n

d ; . d : .
(5.10) Biy, = — 3:::; xx—Np'=N¥uig, AY = (W":“'xfx+}vn#:)x{,,;

awa(%) =0, Ody/dg =0.

. : ; 6
The last two equations imply that y, 1Y, MY B, A" and 5 are independent of (—a—")
and ¢,. Hence these six response functions depend only on

(5'11) EKLsKKLMs mK’mKLsﬂs c‘(sv))
=1, 20041
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So the list of arguments (5.7) with the response functions in Eqs. (5.8) and the list of
arguments (5.11) with the response functions in Egs. (5.10) characterize the behaviour of
the model in question. The non-vanishing part remaining in /As of Eq. (5.9) represents
the thermodynamical restriction imposed upon w, f,,, ¢' and j* which must be satisfied,
together with Eqgs. (5.8) and (5.10), in every thermodynamically admissible process of the
body. This restriction is found in the form of the dissipation inequality [5]:

oy if 0]
(5.12) 9__605(,, Jn—4 (_6“) —jle; = 0.
The Lagrangian multipliers in Egs. (5.10) may be found from Eqs. (3.8) in the form
dy oy
2 o 2L =
(5.13) #,N = "—'—amxmx, y.,N s mx.

We finally remark that the expression for y satisfies the principle of material objectivity:
if y is a single-valued function of the arguments (5.11), it is a scalar invariant under rigid
rotation of the body, as may be easily checked. The condition (3.6), assuring the invariance
of the exchange field in a rigid rotation of the spin system with respect to the material
lattice, is thus also satisfied.
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