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Mathematical elaboration of the double sliding,
free rotating model(*)

G. pe JOSSELIN pe JONG (DELFT)

THE PAPER is devoted to thz theoretical foundations and development of a rigid-perfectly plastic
model describing thz flow of an ideally granular medium. The main idea of the approach,
suggested by the author in 1958, is the coincidence of slip lines with planes on which the yield
condition appropriate for granular media takes the form of a friction law. As a consequence
of such an assumption, the principal directions of strain rate and stress tensors may deviate. In
addition, a non-uniquess of the solution of boundary value problems results, the only restriction
on the solution being imposed by the condition of energy dissipation. The paper brings a
discussion of basic assumptions, an analysis of the type of governing differential equations and
properties of discontinuity lines in velocities, and a description of a technique of constructing
the velocity field with the respective restrictions imposed on this field.

Praca poswigcona jest podstawom teoretycznym i opisom matematycznym pewnego modelu
ciala sztywno-idealnie plastycznego opisujacego plaskie plyniecie osrodka idealnie sypkiego.
Istota tego modelu, zaproponowanego przez autora w 1958 r., jest pokrywanie sie linii poélizgu
z plaszczyznami, na ktoérych obowiazujacy dla o$rodkéw sypkich warunek plastycznosci Cou-
lomba przyjmuje posta¢ prawa tarcia. Konsekwencja takicj kinematyki jest mozliwos¢ niepo-
krywania si¢ kierunkéw gléwnych tensoréw naprezenia i predkosci odksztalcenia oraz niejednd-
znaczno$¢ rozwiazania zagadnienia brzegowego, ograniczonego jedynie przez pewne nier6wno-
$ci o charakterze termodynamicznym. W pracy przedstawiono zalozenia modelu, analize typu
opisujacych go réwnan rézniczkowych, wlasnosci linii nieciaglodci predkosci oraz metodg bu-
dowy pola predkosci i jego ograniczef.

Pabora mocesllleHa TEOPETHYECKMM OCHOBAM H MAaTEMaTHUYeCKHM ONHCAHMAM HEKOTOpOH Mo-
HeJIH HAeaIBHO-KETCKOTO TUIACTHYECKOTO TeJia, OMHCHIBAIOLIEH IUIOCKOe TedeHHE HIIeasbHO
celmyueit cpemsl. CyTs 3TOH MOMenH, MpeUioXteHHOH aBTopoM B 1958 romy, sakmouaercsa
B COBNAJcHHH JIMHHH CKOJNBXKEHHA C TUIOCKOCTAMH, A KOTOPBLIX YCJIOBHE TUIACTHYHOCTH
KysoHa gnst chInyuyux cpel, NPHHAMAET BHJ 3aKOHA TpeHUsA. Pe3y/IbTaToM TaKoi KHHEMaTHKH
ABJACTCA BO3MOMHOCTh HECOBMAJeHHS HaNpaBJleHHH IJIaBHBIX Oceil TEH30POB HaNpsXKeHHA
M CKOPOCTH AectopMaiiuu, a TakyKe HeoJHOIHAYHOCTH DellleHHs KPaeBoil 3a/1aun, orpaHHUeHHOM
TOJIBKO HEKOTOPBIMHM HEepaBeHCTBAMM, MMEIOLIHMH TepMoOHHaMuueckuil xapaxtep. B paGore
Mpe/CTARJIEHbI OCHOBHBIE ITOJIOYKEHHSA, KACAIOUINECH MOIeNH, aHanu3 auddepeHUMaIbHBIX
YPaBHeHHH, OIHUCHIBAIOUINX 3TY MOMAE/b, CBOHCTBA MUHHAH pasphIBa CKOPOCTH, 4 TAK)KE METOJ
TIOCTPOCHHUA MOJIA CKOPOCTEH M €ro OrpaHHueHHH.

Introduction

THE pURPOSE of the double sliding, tree rotating model is to represent the flow behaviour
of a granular assembly in such a simplified form, that it becomes amenable to mathematical
treatment. A real granular medium possesses a kinematic behaviour defying mathematical
description because it consists of a vast amount of discrete particles arranged in an intricate,
random way. Instead of trying to simplify the combined motions of these particles by an
analysis of approximations, the model was developed on the basis of the following con-

(*) Paper presented at the Euromech Collogium 84 in “Mechanics of Granular Materials”, Warsaw,
July 1976.
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ceptual assumptions. A granular mass flows, as if it were subdivided in conglomerates
that slide with respect to each other along the division planes. The orientation of the planes
is assumed to be such that they are the planes on which the available shear resistance
is exhausted by the shear stress. In the case of planes train flow these planes intersect the
relevant x, y-plane perpendicularly along lines, coinciding with the two conjugate stress
characteristics.

Since Coulomb (1773) introduced the concept of an internal friction angle ¢ and slid-
ing planes, the idea to generalize the flow behaviour in the manner mentioned above has
occurred to several investigators.

MANDEL (1947) studied the mechanism of sliding units and deduced two of the four
relevant differential equations. In a later publication (MANDEL, 1966) he considered the
system of equations to be void (French: vide) because the rotation, that has to be added
to the two possible sliding modes, renders the system indeterminate.

GENIEV (1958). developed equations for a single sliding model. In this model sliding
in a point can only occur in one of the two conjugate directions. It seems logical to adopt
this assumption because it is difficult to visualize two conjugate slidings of different magni-
tude to occur simultaneously at a point. This model will be indicated below as the single
sliding model, It can be shown that the stress and strain rate tensors are not coaxial in

this model, and that a deviation of + %q&, respectively — %q&, exists for the two diffe-

rent modes of sliding.

A double sliding model was proposed by DE JOSELIN DE JONG (1958), because it was
considered necessary to account for the occurrence of two slidings in the two conjugate
directions at a point, developing one after the other. The total effect of two of those
successive motions is a double sliding which, mathematically, is introduced as occurring
simultaneously. Denying the model this double sliding amounts in over-estimating its
internal resistance against possible flow patterns.

It was concluded that the model generates noncoaxiality of stress and strain-rate

tensors with a possible deviation angle varying from — = ¢ to+ %dt. Coaxiality is admitted

as one of the possible modes of flow, but the flow behaviour is not limited to it. Non-
coaxiality was observed and reported by DRESCHER et al. (1972) in a photoelastic disc
assembly, which can be considered as a two-dimensional analogue of a granular medium.

Freedom of rotation of the sliding units and the thermodynamic requirement of energy
dissipation were introduced (DE JOSSELIN DE JONG, 1959)in developing a graphical procedure
for solving boundary value problems. The model was called the double sliding, free rotating
model (DE JOSSELIN DE JONG, 1971 a).

SPENCER (1964), ZAGaINOV (1967) and MANDL et al. (1970) developed first-order
differential equations for the velocities of a double sliding model. In their analyses the
rotation is restricted and assumed to be a known quantity, related to the rotation of the
stress tensor. As pointed out by MANDEL (1966) there exists no physical law requiring
such a relationship and it was demonstrated (DRESCHER et al., 1972) that in a photoelastic
disc assembly the two rotations can be opposite (*). By prohibiting the rotation to develop

(*) A similar result was observed by DResCHER (1976) in tests on optically sensitive glass particles.
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freely, an irrealistic resistance is built into the model. This model will be called the non-
JSree rotating model.

The constitutive flow rules for the double sliding, free rotating model were developed
(DE JOSSELIN DE JONG, 1971 a) by expressing the shear strain rates and the structural rotation
in the derivatives of the velocity components. After introducing the thermodynamic
requirement of energy dissipation and the assumption of freedom of rotation, the flow
rule reduces to one equation and two inequalities. Because of the double sliding and the
freedom of rotation there are three relations and as a consequence solutions of boundary
value problems are nonunique. Because of the thermodynamic requirement, however,
the class of possible solutions is bounded and the system is not unrestricted as suggested
by MANDEL (1966). In the hodograph plane the class of solutions is represented by a region,
bounded by four enclosing lines, valid for the velocity in a point. The boundary value
problem relevant here is to determine the velocity distribution in a field with a known
limit stress state and the velocities given on the boundary.

In not giving unique answers to certain boundary value problems the double sliding
model resembles the single sliding model, for which the solutions consists of two diametrical
points of the four-sided region in the hodograph. The solution is reduced to two points
because that model has more internal resistance built into it. Still more resistance is
introduced by the coaxial and non-free rotating models which have unique points as
solution.

The lack of uniqueness of solutions was considered (MROz, 1975) to be an indication
that the flow rule of the double sliding, free rotating model is “incomplete”. It is the
opinion of this author, that completing the system by introducing limiting conditions on
the local behaviour in the interior has the effect of introducing internal resistances. This
results in overestimating the strength of a grain assembly. If prediction of a real behaviour
has to result in a unique velocity distribution, additional conditions on the boundaries
are to be imposed. An example of such an additional condition is e.g. the minimalization
of the horizontal normal stress in the case of simple shear, which leads (DE JOSSELIN DE JONG,
1971 b) to the prediction of a tilting bookrow mechanism.

It may be mentioned here that the flow rule as developed for the double sliding, free
rotating model differs from those for the other models by including the thermodynamic
requirement of energy dissipation. Although often not pointed out explicity, solutions
have to be verified also for the other models afterwards so as not to violate this require-
ment. Such a verification is sometiies neglected, an omission that is avoided when the
requirement is introduced a priori.

In the double sliding, free rotating model the rotation of the slices is free in the sense
that it is not restricted by conditions at a point. The rotation, however, is not entirely
free because the motions of sliding slices must be such, that compatibility of adjacent
regions is preserved. The requirements of compatibility are expressed (DE JOSSELIN DE JONG,
1974) by second-order differential equations in the velocity components, which lead to
two relations between the derivatives of the shear strain rates and the structural rotation.
Physically these relations can be interpreted in terms of bending of the sliding slices.

In developing the double sliding, free rotating model mathematically, the sliding slices
are introduced as being internally rigid. This may suggest that the slices are to be considered
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also as not being able to bend. There is some advantage mathematically to introduce
rigidity against bending, because the compatibility relations then provide additional in-
formation which can be used to “complete” the system in the sense that non-uniqueness
of solutions is reduced.

The opinion of this author is, that completing the system by introducing rigidity against
bending is tantamount to attributing the model an internal resistance that may be irrealistic.
The sliding slices represent grain conglomerates which derive their internal resistance
from the contact forces. The latter keep the non-sliding particles together. When the slices
are slender and contain many particles, these internal forces may not be effective enough
to prevent also bending. In order to avert overestimation of resistance built into the model,
it is preferred to consider the model to be flexible with respect to bending.

It has not yet been verified experimentally how much rigidity or flexibility, with respect
to bending, occurs in granular assemblies. A manner to investigate this is to consider the
thickness of bands along which large variations in velocity occur, and the directions of
strong velocity discontinuities. Since the connection between slice flexibility and dis-
continuity direction has not been published previously, this aspect is treated in some detail
in this presentation. If the conclusion from experiments is that bending must be taken
into account, the name of the model should become the double sliding, free rotating,
flexible model.

In this article, especially the double sliding, free rotating model is treated and mathe-
matical expressions that describe its behaviour are derived. The reason to prefer this model
to the other ones mentioned above is that the difference between properties attributed to
them can be shown to amount to built-in resistances. For an engineer who wants to avoid
overestimation of strength of his building materials, the weakest model is preferable.

The model is based on simplifications and it is not claimed to represent an exact render-
ing of the behaviour of granular media. It is, however, interesting to investigate what
a model that incorporates the typical aspect of internal friction primarily will do, and to
predict its behaviour by applying well-known laws of physics.

The model is originally divised for the motions in continuous flow of granular assemblies
consisting of rigid particles, under conditions of constant stress and constant volume. It
is possible to extend the formulae to the case of dilatancy by introducing an uplift angle 6 in
the sliding planes. Since only small variations in the equations are involved, these are
mentioned at the end of each chapter. The model can also be used for describing the
behaviour of rock masses that are subdivided into subunits by a preliminary fissuring process
and move subsequently by sliding of the units with respect to each other along the fissures.
These fissures then replace the planes of maximum stress obliquity as potential sliding
planes. In the case of rocks, resistance against bending could be encountered and
the possibility of completing the system by using the compatibility relations may be
envisaged.

In order to give a consistent treatment the basic relations describing the model be-
haviour are derived in terms of the components of the velocity gradient tensor in Chapter 1.
In Chapter 2 the character of this system of relations is analyzed by comparing its properties
to properties known to exist for hyperbolic systems. In Chapter 3 the velocity discontinuities
are considered.



MATHEMATICAL ELABORATION OF THE DOUBLE SLIDING, FREE ROTATING MODEL 565

1. Development of basic constitutive relations

1.1. Sliding slices model, definition of a, b and 2

The double sliding, free rotating model for granular assemblies in progressive flow
consists of separation planes coinciding with the planes of maximum stress obliquity along
which sliding occurs exclusively. The model is based on the assumption that in a real
granular medium at limit stress state, sliding will occur along those planes where the shear
resistance is exhausted. In the case of plane strain these planes intersect the relevant x, y
plane perpendicularly along the stress characteristics: s!, s which are, in general, curved
lines (Fig. 1). The angles of s', s? with the x-axis, are respectively o, a, given by

= y- -;—ﬂ—-;_—¢,
(L.1)
o = p+ A u+~l ¢
4 PRk
where p—angle between ‘x-axis and minor principal compression stress, g3 and ¢—angle
of internal friction of the material.
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FiG. 1. §' and S? are the stress characteristics at angles + (T n+ ?d) with o3, the minor principal com-

pression stress.

The stress state is considered to have been established preliminary, so the angle y
is a known function of x and y. The angle ¢ is considered to be a constant in the field.

= 3 1
The angle between s' and s? lines is then everywhere: (o, —a;) = Y 7+¢ = constant.

If the model is to represent the limit state when sliding occurs under conditions of
constant volume, the sliding planes are smooth in order to guarantee that volume is
conserved during sliding. Because of the smoothness of the planes the relative velocity
of two adjacent slices is a vector which is parallel to the separation plane between slices.
In Fig. 2, left and right, the relative velocity vectors are dV, and dV,.



566 G. DE JosseLIN DE JONG

The sliding motion is restricted to a relative displacement of adjacent slices in such
a direction that the shear stresses on the planes (see Fig. 2, centre) dissipate energy. This
restriction is due to the friction character of the behaviour of granular media and is called
here the ”thermodynamic requirement of energy dissipation”.
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Fi1G. 2. The sliding planes coincide with the stress characteristics. Sliding is in the direction of the shear
stresses on the sliding planes.

No other restrictions are imposed on the motion of the slices in the model. Slidings
are left free to adopt any magnitude. In the two conjugate stress-characteristic directions
slidings can develop concurrently and can posses unequal values.

Further, it is assumed that the rotation of the slices is free to adopt any magnitude
desired. The slice rotation is called “structural” rotation here because it is the rotation
of the grain structure. This rotation differs from the asymmetric part of the velocity gradient
tensor which generally is called the material rotation. This is so because it represents the
rotation of the grain material as a total when considered as a deformable body from the
outside.

In order to describe sliding of the slices mathematically, the discontipuous motion,
encountered when blocks of finite size slide with respect to each other along discrete
separation planes, is replaced by a continuous velocity distribution. Mathematically the
slices are replaced by sheets of infinitesimal thickness, like pages of a book. These sheets
intersect the x, y-plane along lines in s!, s2-directions. Scalar quantities a, b are introduced;
their values indicate the strength of sliding along s, s2-lines respectively, defined by

a—shear strain rate, created by slidings in s'-direction, such that the relative velocity
dV, of two adjacent s'-lines is equal to a multiplied by their mutual perpendicular distance
(Fig. 2, left);

b—shear strain rate, created by slidings in s2-direction such that the relative velocity
dV, of two adjacent s2-lines is equal to b multiplied by their mutual perpendicular distance
(Fig. 2, right).

The quantities a, b are defined to be positive when sliding is as in Fig. 2. In order to
satisfy the thermodynamic requirement of energy dissipation, the scalar quantities a, b
are then restricted to positive values or

(1.2) 0<a< 40, 0<£<b< 4.
The double sliding mechanism admits unequal sliding rates in conjugate directions or
(1.3) 0= (a/b) £ +.
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The magnitude of structural rotation is indicated by a scalar quantity £, positive for
counterclockwise rotation (Fig. 3). This rotation is superimposed on the slidings and
occurs in a manner such that slices are not deformed internally. The superimposed rotation
has therefore the character of a rigid body rotation. The freedom of rotation is expressed
mathematically as

(1.4) -0 =02 = +ow.

FiG. 3. Structural rotation £ positive for counter-
clockwise rotation.

The inequalities (1.2) and (1.4) are a mathematical formulation of the requirements,
imposed by physical considerations on the flow mechanism. The scalars a, b and 2 are
finite quantities, when the velocity distribution is continuous. In the expressions (1.2)
and (1.4) the case that a, b and £ might be infinite is also included. Physically there is
no objection to infinite values and mathematically they form the possibility to include
strong velocity discontinuitues in the flow rule. These are created when blocks of finite
size slide with respect to each other along discrete separation planes.

1.2. Velocity gradient tensor

The flow rule of the double sliding, free rotating model can be expressed in terms of
the components of the velocity gradient tensor. The rule is developed by expressing the
shear strain rates g, b and the structural rotation £ in terms of these components and then
applying the physical requirements, Egs. (1.2) and (1.4).
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F1G. 4. Relative velocity dV of points P and Q at infinitesimal distance.

5 Arch. Mech. Stos. nr 4/77
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Let V,, V, be the components of the velocity V of a point P and let dV,, dV, be the
components of the relative velocity dV of a point Q with respect to the point P (Fig. 4).
Let the infinitesimal distance between P and Q be given by its components PP’ = dx
and P'Q = dy. The relative velocity components can then be written as total differentials
by using the partial covariant derivatives V, . ... etc. as

dV, =V, dx+V, ,dy,
dV, =V, dx+V, ,dy.

The s2-line through Q intersects the s'-line through P at point Q, (Fig. 4), located at an
infinitesimal distance ds' from P. In the same manner: Q,, at the distance ds* from P,
is the intersection of the s' through Q and the s? through P. From Fig. 4 it follows that

(1.5)

1.6) dx = ds'cosa, +ds*cosa,,
dy = ds'sina, +ds*sina,
giving inversely with Eq. (1.1)
ds'cos¢p = +dxsina,—dycosa,,

(1.7

ds?cos¢ = —dxsina, +dycosa,.

The relative velocity of Q with respect to P consists of three components: dV,, dV,,
dV, which are respectively due to a, b and 2 (see Fig. 5).

y¢ dv dvﬂ/

x

Fi1G. 5. Relative velocity dV consists of components, due to the shear strain rates @, b and the structural
rotation £2.

Shear strain rate, a. The relative velocity of the two s!-lines through P and Q as created by
the shear strain rate a is equal to @ multiplied by the perpendicular distance of the two

. ; ; . 1
s'-lines. The distance is equal to ds?cos¢, see Fig. 5, because o, —ot; = 5 7w+,

Therefore the relative velocity component dV, has, with (1.7), a magnitude equal to

|dV,| = ads*cos¢p = —asina,dx+acosa,dy.
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In the case of continuing flow at constant volume, the separation planes are smooth and
the direction of dV, is parallel to the s'-lines. Then, its components in x, y directions are

(dV,)s = |dV, |cosa; = —asina,cosa, dx+acos?a,dy,

(13) (dVy), = |dV,|sina, = —asin®a;dx+acosa,sina, dy.
Shear strain rate, b. In the same manner dV,, the relative velocity of Q with respect to P
as created by the shear strain rate b, has a magnitude
|dV,| = bds'cos¢ = +bsina,dx—bcosa,dy
and being parallel to the s2-lines its components are

(1.9) (dVy)e = |dV,|cosa, = +bsina,cosa,dx—bcos?a,dy,
) (dVy), = |dV,|sina, = +bsin?a,dx—bcosa,sina,dy.

Structural rotation, . In addition to the sliding motions the parallelogram PQ,QQ, is
able to rotate as a rigid body with a structural rotation £2. The relative velocity dV, of Q
with respect to P is then perpendicular to the line PQ and has a magnitude of 2 multiplied
by the distance PQ (Fig. 5). Its components in x, y-directions are then

(dVD)x = _-Qd}’,
@vy), = +Radx.

Relative velocity, dV. The total relative velocity dV of Q with respect to P is the vector
summation of the three relative velocities created by a, b and £ (Fig. 5), and their x, y-
components are therefore related by

dV‘x = (dVa)x+ (dVb)x+ (dV.Q]x:
vy = (@Vo)y+(dVs)y+ (dVy),.
By using Egs. (1.8), (1.9), (1.10) the components dV, and dV, can be expressed in terms

containing dx and terms containing dy. By comparing these terms, with corresponding
terms in Eqgs. (1.5), the following relations result:

(1.10)

(1.11)

Vex = —asina,cosa, +bsina,cosa,,

Ve,y = +acos?a;—bcos? o, — 2,
(1.12) ) '

Vyx = —asin?oa; +bsin®a,+Q,

V,y= +acosa;sina, —bcosa,sina,.

Solving these relations for a, b and 2 gives
asin2¢ = + (Vi x—V,,,)sinQy+¢)— (Vi ,+ ¥, x)cosQy+¢),
(1.13)  bsin2¢ = — (Vi x—V;,,)sinQQp—¢)+ (Vx ,+V,.x)c0os(2y—¢),
2Qsing = + (Ve x=V,,))sin2p— (Vi y+ ¥, ) cos2p+ (= Vi ,+ V) 2)sing.
By adding the first and last of Egs. (1.12) the result is
(1.14) Vex+Vy.y = 0.
Equation (1.14) shows that sliding occurs under conditions of constant volume, because
the left hand side represents the divergence of V.

5
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The system of four equations, Egs. (1.13); with (1.14), are the basic relations
describing the flow mechanism of the double sliding, free rotating model. They express
the scalars a, b (the magnitudes of the shear strain rates) and 2 (the magnitude of the
structural rotation) in terms of the components of the velocity gradient tensor. Together
with the restrictions in Egs. (1.2) and (1.4) imposed on the scalars g, b and 2 they form
the constitutive relations of the model.

1.3. Dilatancy

The model can be made to represent the case of dilatancy when sliding is accompanied
by volume changes. This is achieved by assuming the sliding planes not to be smooth, but
having protuberances which create an uplift motion during sliding (see Fig. 6). These pro-
tuberances are visualized as staircase steps or saw teeth which have an angle 6 with
the average direction o* of a sliding plane. Sliding occurs along the faces of the steps,
so that the relative velocity component dV} between two lines in o* direction has a direction
(o*+6) with the x-axis (see Fig. 6). There are two possible sliding directions and it is
assumed here that an uplift angle of the same magnitude 0 is active in both conjugate
directions.

yh

r—

x

FiG. 6. Sliding with uplift over planes with protuberances at angle 0.

Such a model was introduced for dense sand in pre-failure state by NEwLAND and
ALLELY (1957) and extended to the double sliding case by DE JOSSELIN DE JONG (1959).
The tooth-shaped sliding planes were used by Roweg (1962, 1969) to develop dilatancy
relations assuming that the inclination of the forces, transmitted by the teeth, is such as
to exhaust the physical friction angle ¢, of the particle material. He considered the coaxial
case and, using a minimum energy ratio principle, he obtained relations which reduce
for plane strain conditions when &, = 0 to the following system:

R= %,;— = tg(%:r-i-%q&*)tg(%n-f— %qa,.),

(1.15)

N SR PR L_L)
D= —tg(—In+2¢)tg(4n 5 Puls

where ¢} and o3—major and minor principal compression stress, & and & —principal
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strain rates, % T+ %q&*——-angie between the sliding planes and the plane of the major

principal compression stress.

It was shown (DE JOSSELIN DE JONG, 1976) that the same relations result by using
exclusively the rules of friction and that the system (1.15) is not necessarily restricted to
the case of coaxiality. For the noncoaxial case the relations keep the same form if D is
not expressed in terms of principle strain rates &, &, but in &(c}), £(o3) the linear strain
rates of lines in the directions of the principle stresses, o) and o3, respectively. In order
to make this distinction a quantity D* was introduced, defined by

(1.16) D* = &(a%)/—&(0}).
The system then is

1 1 1 1
R = tg (—4- T+ —2—¢*)tg(7 ‘-’I+_2‘ (Pg)s

D* = tg(% 7w+ —; o* )tg(—‘-li-:rh —~12- 99,,).

The angle ¢* introduced above in (1.15) in connection to the direction of the sliding
planes differs from the angle of internal friction, ¢, introduced in the previous analysis
here. The difference is that previously, the sliding planes were the planes in which the shear
resistance (as an average) was exhausted, while here the shear resistance is exhausted on
the faces of the steps which make an angle 6 with the sliding planes. Therefore the angle ¢*
differs from ¢, the current angle of maximum stress obliquity defined by

(1.17)

o;—o3 R-—1
o +o; R+1°
The relation existing between ¢* and ¢ is developed at the end of this section.
Let of and a* be the angles between the sliding planes s'*, s2* and the x-axis. Then,
analogous to Egs. (1.1), we have here

(1.18) sing =

at = p— g 7= 4%,
(1.19)
L - ! 1 *
oaf = yp+ga+ ?qb 5
Because of the teeth at an angle 6 with s'*, the direction of the relative velocity dV,. of
two slices separated by an s'*-line makes an angle (o} +0) with the x-axis (see Fig. 7).
In the same manner the relative velocity dV,, has a direction given by («*—8), (Fig. 7).

So their x, y-components are
(@Va)x = |dVailcos(at +6), (@Vie)x = |dVpe|cos(a} —0),
(@Vad)y = |dValsin(af +0),  (dVp)y = |dVp|sin(a}—0).
Scalar quantities a*, b* are introduced in order to specify the magnitudes of the dilatant
shear strain rate, created by the slidings, by the following definition: a*, b*—magnitude

of the relative velocity created by the sliding of adjacent s'*, s?*-lines, respectively, divided
by their mutual distance.
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Then we have
|dVa| = a*ds**cos¢*,  |dVy.| = b*ds'*cosg*

and the analysis of Sect. 1.2 gives for the components of the velocity gradient tensor

Vex = —a*sinacos(af +0)+b*sina}cos(al —0),
(1.20) vy = +a*cosatcos(at +0)—b*cosatcos(at —0)— 2,
; Vyx = —a*sina}sin(a} +0)+b*sinafsin(a —0)+ 2,
V,., = +a*cosa?sin(af +0)—b*cos o} sin(a’—0).
._4'.::.1;'”_ ~

Fi1G. 7. Relative velocities dV,* and dV,* at angles 6 with sliding planes.

Solving these relations for a*, b* and 2 gives
a*sin2(¢*—0) = +(Vx,x—V,,)sinQ2p+¢*—0)— (Vx,, + V, ) cosQy +¢*—0),
(1.21)  b*sin2(¢p*—0) = — (Vi x—V,,,)sinQRy—o* +0)+ (Vs , +V, o) cosQp—p* +6).
2Q2sin(¢p* —0) = [(Vi,x—V,,,)sin2y— (Vs ,+V,.x) cos 2y cosb
+(—=Vi 4V, )sin(d*—0).
By adding the first and last of Egs. (1.20) it follows that
(1.22) (@*+b*)sinl = V, ,+V,,

which expresses the rate of volume change in terms of the shear strain rates and the uplift
angle. By adding Egs. (1.21), and (1.21), it is deduced that

(1.23) (@*+b*)cos(¢p*—0) = (Vi x—Vy,p)c082p+ (Vi +V, 2)sin2p.
Elimination of (a*+5*) from the above two equations gives
(1.24) (Vi x+V, )cos(¢p*—0)— [(Vi,x—V,.,)c082p+ (Vi y + ¥, x)sin2y]sind = 0.

The system of equations (1.21) and (1.24) reduces to the system of equations (1.13) and
(1.14) when 6 vanishes. From Fig. 1 it follows that the x-axis of cdordinates is oriented
in the direction of the major principal compression stress o} when y is given the value

%n. Then, Eq. (1.23) becomes

(1.25) (@*+b*)cos(¢*—0) = —V, . +V,,.
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Since for that case V, ., V,., are the linear strain rates of lines in the principal stress direc-
tions, we have

(1.26) Vex = &(01), ¥y, = £(03),
D* = Vy.yj(_Vx.x)-
Using Eqgs. (1.22) and (1.25) it is then found that

. _ cos(¢*—0)+sind ( 1 1 1

1 sl *

By multiplying the relations (1.17) it follows that

= Cos(¢*—0)—sind '8

1 1
% a2t *
RD* = tg (4n+ 2(}5 )
and therefore

_ 1 1 . _ cosf+sin(¢*—0)
- ‘g(“«?‘"‘+ 3¢ )'g(T"”?d’ ‘6) = CosO—sin(@*—0)
Introduction in Eq. (1.18) gives the relation between ¢* and ¢ to be

(1.27) sing = sin(¢*—0)/cosf.

In literature a dilatation angle », in the plane strain case, is often defined by sin¥
= (&, +£3)/(— &, +&;). When a sample deforms noncoaxially and this is not noticed by an
observer, he will mistake the linear strains &(o})é(c3) in the principal stress directions for
the principal strain rates é,, £;. Instead of » he will then compute an angle »* defined by

sinv* = [&(0}) +£(03))/[—&(01) +2(a3)],

which, by use of Eqgs. (1.26), equals, in the case that p = L:l't,

2
; VextV,
* _ X, X ¥
siny* = ____Vx,x+Vy,y
and with Egs. (1.22) and (1.25)
(1.28) siny* = sinf/cos(¢* —0).

Actually this angle »* turns out to be a convenient quantity to introduce, being a constant
for this model, independent of the ratio (a*/b*).

The system of four equations, Eqgs. (1.21) and (1.24), are the basic relations describing
the flow mechanism of the double sliding, free rotating model in the case of dilatancy.
They express the scalars a*, b* (the magnitudes of the shear strain rates) and 2 (the struc-
tural rotation) in terms of the components of the velocity gradient tensor. For a*, b* the
same restriction holds as expressed by the inequalities (1.2) for a, b, because in the case
of dilatancy the thermodynamic requirement of energy dissipation must be satisfied.
Together with the inequality (1.4) they form the constitutive relations of the dilatant model.

The values of ¢* and 0 in the basic relations can be determined from ¢, the angle
of current maximum stress obliquity, and »* the angle of dilatation computed from the
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linear strain rates in principal stress directions using Eqs. (1.27) and (1.28). These relations
are developed here for y = -;— 7, but they are invariants, being independent of the orienta-
tion of the x, y-coordinates.

2. Character of basic constitutive relations

2.1. System consjsting of two inequalities and one equality

The basic relations describing the flow rule of the double sliding, free rotating model
are developed in Sect. 1.2. They consist of the four equations Egs. (1.13) and (1.14),
expressing a, b, 2 and change of volume in terms of the components of the velocity gradient
tensor. This is a system of four equations relating the two velocity components V,, ¥, and
the scalar a, b, 2, all being five unknowns. Repeated here these relations are

asin2¢p = +(Vz,x—V,,))sinQ2p+¢)— (Ve,y +V, 5)c0s 2y +¢),
(2.1) bsin2¢ = — (Vi x—V,,))sinQQp—¢) + (Vs,, + ¥, s)cos 2y — §),
20sing = + (Ve x—V,,)sin2p— (Vi ,+V, 2)cos2y+ (= Vi ,+ V) 1)sing,
Vex+V,,, =0.

This system was reduced by several investigators to two equations in the two unknowns
V., V, by different additional restrictions imposed of the kinematic behaviour. This generally
leads to two partial differential equations on a hyperbolic character. All proposed models
agree in the adoption of Eq. (2.1), because that equation expresses the fact that volume
is conserved during flow. The second equation is obtained by introducing different kinds
of limitations.

A coaxial model is generated by requiring the two shear strain rates a, b to be equal.
Then the second equation becomes Eq. (2.1);-Eq. (2.1), = 0. In that case the characteristics
are the bisectrices of the major and minor principal stresses and these are no-extension
lines.

In the non-free rotating model the structural rotation has a known magnitude, related
e.g. to the rotation of principal stress axes. The second equation then consists of Eq. (2.1);
equated to that known quantity. The characteristics then coincide with the stress character-
istics, and are lines along which the relative velocity has the direction of the conjugate
characteristic.

In the single sliding model the second equation is obtained by requiring either a or b
to be zero. This results in two different possibilities. Either Eq. (2.1); = 0 or Eq. (2.1),
= 0. In the first case the characteristics are s2, t' and in the second case s', %, where
t* and ¢? are perpendicular to s and s*, respectively (see Fig. 8). In either case the character-
istics are no-extension lines.

In the double sliding, free rotating model the structural rotation 2 is not restricted.
This is expressed by the inequality (1.4) which implies that the relation (2.1); contributes
no valuable information being an undetermined part of the constitutive relations in a point.
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As useful part there remain only the two relations for the shear strain rates @, b which
by the thermodynamic requirement of energy dissipation expressed by the inequality (1.2)
obtain the form Eq. (2.1); = 0, Eq. (2.1), = 0.

The flow rule for the double sliding, free rotating model finally consists of the following
system of constitutive relations:

+(Fi— Vr.r)Sin(zw +¢)— (Vx.y i Vy_x)COS(Zip +¢) 20,
(2'2) . (Vx = Vy,)) Siﬂ(zw e ¢) 4 (Vx.y G Vy.x) COS(ZTP_¢) % 0:
(Vex+Vy,) = 0.

H—
X

FiG. 8. Directions of S' ¢! 12 §2 with respect to principal stresses.

For solving boundary value problems this is an unusual set, because it contains inequali-
ties and consists of three relations to be satisfied. As a system it cannot be considered
to be hyperbolic with characteristic directions. It possesses, however, certain properties

resembling those of hyperbolic systems and by using these properties the study of boundary
value problems is facilitated.

2.2. Four properties

The first property is, that the system of partial differential relations can be written as
an equation containing a total derivative of the velocity components in a particular direc-
tion.

The second property is, that the relative velocity of two points on a line has a known
direction. If perpendicular to the line, this line conserves length and is a no-extension line.

The third property is, that solving boundary value problems proceeds conveniently
if executed in particular directions.
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The fourth property is, that strong discontinuities in the velocity can occur in particular
directions.

In the case of a linear hyperbolic system of partial differential equations all four proper-
ties are possessed by the same lines, the characteristics which are oriented in discrete
directions. In the case encountered here different lines possess different properties and their
directions are not discrete but can vary within certain regions.

2.3. Multiplicators

In order to investigate this special character and establish the solution procedure it
is useful to introduce multiplicators a, f. These are constants independent of x, y and
defined in terms of an auxiliary angle j by

@3) o« =cos2j+¢); B = cos(2i—¢).

Depending on the value of j the multiplicators are positive, negative or zero. Since
they become separately zero for four different values of j, there are four intervals numbered
(1) to (4) each containing a different combination of positive and negative values for «
and B. The values of j separating these intervals are those that make either o or f zero
and these are numbered according to the intervals they separate. We have with k an integer

1
j,2+kn=-4—.n——;—¢, then a=0, g>0,

1 1
j;3+kn=—-—n+7¢, then a<0, f=0,

S

2.4 " ;
j34+kﬂ:=— ——2'"¢’, then 120, ﬂ <0,

W A

Jar+kn = "4‘“"'%45, then: x>0, p =0

In the intervals separated by these values of j the multiplicators a, f form the following
sign combinations:

7T+ %4’ < (j+k=n) <%n—%¢, then «>0, g>0,

N

Interval (1) -—

Interval (2) %n—-—%-gb < (j4kn) 4—1—:;-}- -;—qb, then «<0, B>0,
23) | 1 1 3 1

Interval (3) Tﬂ+f¢ < (j+kn) < Tn—uj-qﬁ, then a«a <0, pg<0,

4 3 1 _ 3 1

nterval (4) Tn_7¢ <(;+kn)<7n+7¢, then «>0, f<O0.

The multiplicators a, # are used in connection with the shear strain rates @, b to form
a quantity ¢ defined by

(2.6) 2¢ = aa+pb.
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If no sliding occurs at all, both shear strain rates a and b are zero, and then ¢ vanishes.
In that case there is no internal deformation. Let us exclude this case and consider only
the situation that either @ > 0 or b > 0 or both a > 0 and b > 0. Negative values of a
and b are not admitted on account of the thermodynamic requirement of energy dissipation
as formulated in Eq. (1.2). Then, according to Egs. (2.4) and (2.5) the following restric-
tions exist with respect to the sign of ¢:

in Interval (1) ¢ >0

forj = jia c20,

in Interval (2) ¢ is unlimited
@7 for j = Jj2s cs0,

in Interval 3) ¢ <0

for j = jsa c=0,

in Interval (4) ¢ is unlimited

for j = j4, cz0.

2.4. Specific length increase

The quantity c defined by Eq. (2.6) represents specific length increase of lines oriented
in particular directions. This can be shown by the following analysis. Using Egs. (2.1),
and (2.1), in Eq. (2.6) gives with Eq. (2.3)

2c = (Vi x—Vy,)cosu+2))+ (Vi ,+V,,5)sinyp+2)).

Adding Eq. (2.2); gives
(2.8)

¢ = Vy,xC08*(y+j)+ Vi ycos(y +j)sin(yp+j) + ¥, xsin(yp +j)cos(p+j) + ¥, ,sin*(p +J).

Let us introduce orthogonal coordinates r', r? that deviate by the angle j from the
principal stress directions such that the angle between r! and x is (y+j) and the angle

between r? and x is (w+j+ -;- n) (see Fig. 9). When g,, g, are the scale parameters, the

Jacobi matrix has such coefficients:

(0x/0r') = g cos(y+)),
(0x/dr?) = —g,sin(p+j),
(0r'/dx) = (1/e1)cos(y+j)),
(0r'/dy) = (1/gy)sin(p+j),

(2.9)

(@y[or") = g sin(y+)),
(9y[or?) = g cos(y+)),
(0r?/ox) = —(1/o;)sin(y+)),
(0r?/dy) = (1/e;)cos(yp+j)-

Introduced into Eq. (2.8), this relation becomes with ¥, replaced by V'*
¢ = V& (0r'/oxP) (ox¥/ort).

The transition from ¥, to ¥? is allowed because x, y is Cartesian. Indicating velocity com-
ponents in the r!, r? system by a tilde, this becomes

(2.10)

— 11
c=Vi.
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The expression (2.10) has the physical interpretation that ¢ represents the specific length
increase of a line oriented along r'. The direction of r! is given by its angle j with the minor
principal compression stress. The intervals of j and the separation values given by Eqgs.
(2.4) and (2.5) can therefore be interpreted in terms of directions of r!. Subsequently the
restrictions imposed on ¢, corresponding to these values of j as given by Egs. (2.7), can be
translated into restrictions on the specific length increase of lines in the r!-direction. These
restrictions can be formulated as follows:

in Interval (1): a line must elongate,
for j = j,,: a line elongates or conserves length,

in Interval (2): a line elongates, shortens or keeps length,

(2.11) for j = j,3: a line shortens or conserves length,

in Interval (3): a line must shorten,
for j = ji4: a line shortens or conserves length,

in Interval (4): a line shortens, elongates or keeps length,
for j = j,,: a line elongates or conserves length.

By the choice that the angle j is measured from the minor principal compression stress
direction as shown in Fig. 9, the respective intervals are oriented with respect to the principal
stress directions as demonstrated in Fig. 10. By comparing (y+j) for the separation values
ji2s ... etc. between intervals as given by Egs. (2.4) with the valuef of a,, a, given by
Egs. (1.1) for the stress characteristics, it follows that the separation lines correspond to
the stress characteristics s, s? and the lines t*, t* perpendicular to them in the following
manner:

t?(perpendicular to s') has direction j, ,,
stress characteristic s2 has direction j,s,
stress characteristic s' has direction ja4,
t! (perpendicular to s2) has direction jg, .

(2.12)

/

\!

\
\
\

/
/
AR\

FI1G. 9. Direction of r! with respect to principal stresses.

™ |
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f—
X

Fi1G. 10. Orientation of intervals 1, 2, 3, 4 with respect to principal stresses.

As a consequence of the conditions (2.11) and (2.12) it can be stated that
lines between s! and s? must shorten,
lines between ¢! and #2 must elongate,
a line along s! or 52 shortens or conserves length,
a line along ! or ¢? elongates or conserves length,
lines between s! and ¢!, or between t2 and 52,
either elongate, shorten or conserve length.

(2.13)

2.5. Length conserving lines and acceptable boundary conditions

When the shear strain rates a, b are both zero, then ¢ vanishes according to Eq. (2.6)
for all combinations of «, 8, this means for all values of j and therefore all possible orienta-
tions of r'. As a consequence every line in the body, whatever its orientation, then conserves
its length and this corresponds to a rigid body motion. In that case there is no internal
deformation, but there can be rotation.

When only one of the two shear strain rates is zero, for instance & = 0 but a > 0 such
that there is sliding in the s'-direction, then the value of ¢ vanishes in the two particular
directions j,, and j;, because there, according to Egs. (2.4), the values of « is zero. This
means that there exist two lines for which ¢ vanishes, indicating that the length of these
lines does not change during flow. These no-extension lines are perpendicular, and this
agrees with the condition of no volume change. The length conserving lines in this case
are, according to the relations (2.12)

for j;4 the stress characteristic s?,
for j,, the t2-line perpendicular to s!.



580 G. DE JOSSELIN DE JONG

When there is only sliding along the s?-directions, such that @ = 0 and b > 0, then ¢
is zero for j,3 and jg; . In that case the length conserving lines are the stress characteristic
s and the line ¢* perpendicular to s2.

When both slidings occur, such that @ > 0, 5 > 0, then ¢ vanishes for values of j where
o and B have different signs. This is so according to the inequalities (2.5) in Intervals (2)
and (4). In that case the length conserving lines are two perpendicular lines, one in Interval
(2), the other in Interval (4).

The restrictions (2.11) imposed on length change of lines have to be obeyed by boundary
conditions, for being acceptable. Let a boundary value problem consist of a given limit
stress state in a body and a velocity distribution imposed on the boundary. When the
boundary has an angle u with the x-axis, the boundary can be conceived as a line r! at
an angle j = p—u with the minor principal compression stress. The value of j determines
by the inequalities (2.5) the interval in which the boundary is located.

When the boundary lies in Interval (1), the velocity distribution along it must elongate
the boundary line. When lying in Interval (3), the boundary line must shorten. If the
boundary motions are such that its length is conserved, then internal deformation and strain
rate can only occur when the boundary is located in Intervals (2) or (4). If not, the adjacent
body has to remain undeformed and only executes rigid body motions.

A velocity distribution can only constitute an acceptable boundary condition if these
restrictions are not violated.

2.6. Construction of a velocity distribution

In order to construct velocity distributions from boundary conditions, the relation
(2.10) can be used, either for a mathematical integration procedure or a graphical construc-
tion in the hodograph plane.

The mathematical elaboration requires to convert the covariant derivative of the rela-
tion (2.10) into a partial derivative. This can be done be using the rule for covariant
differentiation which in this case leads to

(2.14) c=VYy = @V or)Y+ 'tV
The Christoffel symbols in this expression can be found by using the rule
which, applied to the coefficients expressed by Egs. (2.9), gives

I'{;, = (1/e1)(de,/0r"),

12 = —(e2/00) [0y +))/or'].

So Eq. (2.14) becomes

_ 9@V 52y Oy +))
(2.15) C—-W—( 2V)w.

In this expression g, /"%, o, V2 are the physical velocity components in the r!, r? coordinate
directions. Since further on only differentials in the r!-direction are involved, it is possible
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to integrate Eq. (2.15), if the magnitude of ¢ is known. However, only the sign of ¢ is
known and therefore the solution consists of bounds limiting possible velocity distribu-
tions. Representation of these bounds in mathematical terms is somewhat intricate; better
suited for comprehension is to express them graphically.

The graphical procedure consists in constructing the above mentioned bounds in
a hodograph plane. Every point P in the physical x, y-plane has an image P’ in the hodo-
graph plane such that the coordinates of P’ are the components of the velocity Vp of P.
The vector P'Q’ in the hodograph plane is the vector representing the relative velocity
(Vo—Vp) of the point Q with respect to the point P (see Fig. 11).

Yy

FiG. 11. Points P’, Q’ in hodograph plane represent velocities V5, Vg of point P, Q in x, y-plane.

When Q is located on a r'-line through P at a distance of magnitude o, dr!, the relative
velocity of Q with respect to P has components of magnitude p, 17.‘1 dr', o, 17.2, dr' in r!,
r? directions respectively. From the relation (2.10) it can be concluded that the r'-com-
ponent is g, cdr' and therefore positive, negative or undetermined depending on the interval
corresponding to the direction of r! and the conditions (2.7) imposed on ¢ by that interval.

When r! is oriented in Interval (1), c is positive and the line PQ elongates. In the hodo-
graph, (see Fig. 11), this means that the location of Q’ is limited to a half space. This half
space is bounded by the line p through P’ perpendicular to the chord of PQ. The region
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for Q' (shaded in Fig. 11) is on the side of p, corresponding to the side occupied by the
endpoint Q on the line PQ. When r! is oriented such as to lie in Interval (3), ¢ is negative
and the location of Q’ is limited to the half space bound by the same line p, but on the other
side. These considerations indicate how to construct the range of velocities possible in
a point of the xy-plane by limiting the region in the hodograph where its image is allowed
to lie. Because of the conditions (2.7) only lines r! in Intervals (1) and (3) can contribute
valuable information in this respect.

The construction in the hodograph plane consists in locating the image of a point
in such a manner that the conditions imposed on the sign of ¢ are satisfied. However, this
is not yet sufficient to guarantee that both shear strain rates a, b are positive, separately.
This can be shown by considering an arbitrary line in Interval (1) where, according to
the inequalities (2.5), both « and f are positive. Introduced in (2.6) the requirements (1.2)
on a and b show that it is necessary for ¢ to be positive. However, a positive value for ¢
means only that

aa+fb =0,
which is an inequality that can be written in the two following alternative ways:
az —fbla or b= —oaalf.

The first shows that @ can be negative for positive b and the second that b can be negative
for positive a.

This shows that a construction in the hodograph, satisfying ¢ = 0 for a line in Interval
(1), is not yet sufficient. In order to guarantee that both a and b are positive separately,
it is necessary to execute two analyses in Interval (1), which will be indicated by ¢, and 7,
respectively here, because they involve the lines ¢! and ¢,.

Analysis t'. By choosing r! to be oriented along a !-line, the value of j is, according to
the relations (2.12), equal to j,, and, according to Egs. (2.4), we then have o > 0, and
B = 0. Since then ¢ = aa, it is enough to require ¢ = 0 in order to guarantee that a is
positive.

Analysis 12. By choosing r! to be oriented along a #2-line, the value of j is, according to
(2.12), equal to j,, and, according to Egs. (2.4), we then have « = 0, and § > 0. Since
then ¢ = b, it is enough to require ¢ = 0 in order tn guarantee that b is positive.

The same can be done in Interval (3) where ¢ must be negative. The two required
analyses are called s?, s2.

Analysis s*. Choose j = js4, then o = 0, f < 0 and by requiring ¢ < 0 it is guaranteed
that b is positive,
Analysis s%. Choose j = j,3, then o < 0, # = 0 and by requiring ¢ < 0 it is guaranteed
that a is positive.

Graphically the four analyses ¢!, ¢2, s', s? result in the drawing of four boundary lines
in the hodograph. Let us consider the problem to determine the velocity in a point C
of the x, y-plane when the velocities are known in four points 4, D, E, B, which are connect-
ed to C by a s', 11, 2, s2-line, respectively (see upper part of Fig. 12). These four velocities
are represented in the hodograph by the four image points 4’, D', E’, B'.

The analysis consists in drawing lines a, d, e, b in the hodograph plane, perpendicular
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respectively to the chords of the lines AC, DC, EC, BC in the x, y-plane. In order to satisfy
the conditions (2.7), the possible location for C’ in the hodograph is the shaded area in
Fig. 12 enclosed by the lines a, d, e, b.

x|

hodograph plane Vi

FiG. 12. Region for C’ in hodograph plane constructed from points 4’, B’, D’, E’ representing the veloc-
ities of 4, B, D, E in x, y-plane.

2.7. Characteristic properties

From the properties listed in Sect. 2.2 and possessed by characteristics of hyperbolic
systems, the first three are related to the results obtained in this chapter.

Whether the first property is possessed by the system can be verified by considering
the relation ¢ = V4, given by Eq. (2.10). In developing from it the expression (2.15), it
was shown to consist of partial derivatives with respect to r! only. Since r! can have any
direction, it is therefore possible to develop an expression in terms of a total derivative
in any desired direction. However, the expressions obtained do not have the character
of an equation because the value of ¢ is unknown. Depending on the direction of r*, only
its sign is known as given by (2.7). Therefore, the expression (2.15) is not an equation but
essentially an inequality. There are regions for r' though, where ¢ can be zero, and Eq.
(2.15) becomes an equation. As shown by (2.11) and (2.12) these regions are limited to
Interval (2) with its separation lines s? and #2, and Interval (4) with its separation lines
s' and 1.

The second property can be verified by (2.11), which shows by (2.12), that length
conserving lines are limited to Interval (2) with its separation lines s? and #? and Interval
(4) with its separation lines s! and ¢!.

6 Arch. Mech. Stos. nr 4/77
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The third property is related to the analysis in Sect. 2.6. It was shown that the con-
struction of velocity distributions most conveniently proceeds along the lines ¢! ¢2 s* 52,

So far the conclusion of the analysis may be that Interval (4) with its boundary lines
st ¢! and Interval (2) with its boundary lines s2 12, are comparable to two conjugate char-
acteristics. Since the intervals have as aperture of magnitude ¢ (see Fig. 10), their aperture
reduces to zero in perfect plasticity when ¢ = 0. The boundary lines s! ¢! ten reduce to
one characteristic and the boundaries s? * to the conjugate characteristic, with proper-
ties known to exist in perfect plasticity.

2.8. Dilatancy

The considerations developed in this chapter can be used in the same manner for the
case of dilatancy. The system of relations (2.2) basic to the model, then becomes by using
Egs. (1.21)4, (1.21), and (1.24)

(Vx.x—'Vy.y)Sin(21p+¢*_'e)"(Vx.y+Vr.x)cos(2w+¢*_6) g 0’
(2.16) —(Vi,x—V,,)sinQRy—¢*+0)+ (Vy,,+ ¥y, )cosQy—p*+60) =0,
(Ve x+V,,)cos(¢p*—0)— (Vi x— V5, ;) cos2ysinf@+ (V. ,+ ¥, <)sin2psinf = 0.

In order to reproduce the subsequent analysis it is necessary to introduce multiplicators
a*, p* of the form

(2.17) o* = cos(2j+¢*—0)+sinb, * = cos(2j—¢*+0)+sinf.
The quantity c¢* defined by
(2.18) 2c* = a*a*+ f*b*,

then becomes with Egs. (1.21),, (1.21), and (1.24)
(219)  2¢* = (Vex+Vy )+ (Vi x—V, ) c082p+2)) + (Vx,, + V) sin(2y + 2))

and this shows by the analysis following Eq. (2.8) that also c* represents specific length
increase of lines at an angle j with the minor principal compression stress.

The intervals corresponding to positive, negative and unlimited values of ¢* are now
given by

S : L ¥
Interval (1) -— -4—:;+ 74, —0 < (j+kn) < Tn_ _2_¢ +0,
1 1 e 1 1
Interval (2) A A=y 40 < (jtkn) < at 9%,
v 11 31
- —h* i T o  h*
Interval (3) 77t 5 ¢* < (j+kn) < N ob*,
Interval (4) T, o* < (j+kn) < 3 T+ L¢¢__9
3¢ <UTkm = RT 3 :

By choosing j to be measured from the minor principal compression stress direction, the
separation lines between intervals are in analogy to (2.12) s'*, s?* and ¢'*, t** with the
following specifications (Fig. 13). The lines s'* and s2* coincide with the average directions
of the conjugate sliding planes, the lines ¢'* and #2* deviate from them by an angle of
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magnitude (¢*—0) and are perpendicular to the surfaces of the steps along which sliding
occurs. When there is only sliding along s'*-planes, such that b* = 0, the length conserving
lines are s'* and r2*. Similarly, when a* = 0 the length conserving lines are s2* and t'*.

The lines in these pairs deviate by an angle (% x+8).

o
X

F1G. 13. Directions of s', r*, 12, s? with respect to principal stresses in the case of dilatancy.

For constructing velocity distributions from boundary conditions the lines s!'*s?*r1*
t** have the same function as explained for s's?#'¢? in Sect. 2.6.

3. Discontinuities

3.1. Strong velocity discontinuity as the limit of homogeneous shear strain rate

The flow rule of the double sliding, free rotating model is expressed by Egs. (2.2) in
terms of the components of the velocity gradient tensor Vi ., Vx,y, Vy.x» ¥,y These
components are finite quantities when the velocity distribution is continuous. In reality
the motion is not necessarily restricted to continuous distributions, but also discontinuities
can occur. If the discontinuity is in the velocity itself, it is called a strong discontinuity
and in that case one or several of the components of the velocity gradient tensor become
infinitely large.

In order to investigate the strong discontinuities that are implied by the mathematical
formulation of the model behaviour, such a discontinuity will be developed here from a
continuous velocity distribution in and around a thin band. In the band the velocity changes
gradually between two values whose difference is the relative velocity of the two regions

6*
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bordering the band on either side. When the band has a finite thickness the shear strain
rate within the band is also finite. When the relative velocity is kept constant and the thick-
ness of the band is reduced, the shear strain rate increases within the band. This shear
strain rate becomes infinite in the limit that the band thickness is reduced to zero. Then
a strong velocity discontinuity is created.

Let the band be straight and possess a thickness / and an inclination x with the x-axis
(Fig. 14). Coordinates &, 5 are introduced parallel and perpendicular to the band. The
band occupies the region 0 < n < h and has a constant thickness in the &-direction. The
material below the band is at rest and, above, the material moves as a rigid block with
velocity AV parallel to the band. Expressed mathematically this is

Ve=0, Vpo=0 for 7 =<0,
@) Ve AV, V,=0 for 520

ya

——

X
F1G. 14. Two rigid regions, moving at a velocity A¥ with respect to each other and separated by a thin band
with a gradual velocity increase from 0 to AV.

The velocities within the band are assumed to be distributed linearly and to consist only
of velocities parallel to the band such that
(3.2) VE=AV%, V,=0 for 0<9ysh.
The velocity distribution given by Eqs. (3.1) and (3.2) is everywhere continuous and there-
fore the comporents of the velocity gradient tensor are finite. In the band a strain rate of
the character of a simple shear exists with a magnitude m defined by

m= AV/h.
The value of m becomes infinite when & reduces to zero, while AV keeps a fixed, finite
value.

3.2. Possible directions of strong velocity discontinuity

In order to investigate the directions in which such a band can occur, the motion
described by Eq. (3.2) is translated in terms of the x, y-components of the velocity gradient
tensor. Possible directions are then found by determining the values of u which satisfy
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the constitutive relations (2.2). Transition from &, % to x, y-coordinates gives for Eq. (3.2)
with Fig. 14

Vs
Vy, = Vesinu = mysinu

I

Vecosu = mmcospu,

The x, y-components of the velocity gradient tensor are obtained by differentiation with
respect to x, y. This gives by using the chain rule and the relations (see Fig. 14)

On/0x = —sing, dn/dy = cosu,
the following values:

Vix = mcosu %E' = —mcosusiny,

Vi = mcosy—% = mcos®u,

Vpx = msinp—?x— = —msin?py,

3.3)

Vyy = msiny—f;% = msinucosyu.

Introduction of these values in Eq. (2.2); shows that equation is satisfied identically,
ensuring conservation of volume; introduction in Eqgs. (2.2), and (2.2), shows that the
requirements imposed by the flow rule reduce to
—mcos(Qp+¢—2u) = 0,
mcos(Qp—¢—2u) = 0.
The relations (3.4) define two admissible regions for u depending on the sign of m:
Identyfing a strong discontinuity, at an angle u, with a line r!, at an angle j with the
principle stress directions as shown in Fig. 9, we have
p=y+j.
Comparison with the inequality (2.5) and Fig. 10 shows that

(3.4)

i m > 0 corresponds to Interval (4) between s' and ¢*,
@-3) m < 0 corresponds to Interval (2) between ¢2 and s2.

From this analysis it follows that possible directions for strong discontinuities are located
in Intervals (4) and (2) with their boundaries s*, ¢! and ¢2, s? included.

The fourth property listed in Sect. 2.2 therefore has the same character as the other
three properties, leading to the conclusion that Intervals (4) and (2) with their boundaries
possess properties comparable to those of the characteristics in perfect plasticity when ¢p = 0.

3.3. Kinematic interpretation of strong discontinuities

The velocity distribution considered in Sect. 3.1 and 3.2 consists of a large strain rate
within a small band, surrounded by regions that translate as rigid blocks. These blocks were
introduced in order to simplify the mathematics, but it is not necessary that they remain
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undeformed and only translate. The analysis remains valid also when the adjacent regions
deform internally and rotate. The reason is that m, the shear strain rate within the band,
tends towards infinity and therefore any finite strain rate or velocity gradient outside
the band can be disregarded with respect to m.

There exist, however, limitations on the shear strain rates in the adjacent regions because
the band is restricted in its orientation and the lines bordering the band have to satisfy
the requirements imposed on lines in the respective regions as formulated in the restric-
tions (2.11). It may be remarked here that for perfect plasticity, when the intervals collapse,
because ¢ = 0, so that the lines s'#! coincide and the lines 25 coincide, the requirements
(2.11) reduce the resulting lines to no-extension lines. This leads to the well-known property
in perfect plasticity which claims that a line adjacent to a strong discontinuity in the velocity
always conserves its length. When ¢ is not zero this restriction to conservation of length
is no longer imperative.

From the analysis in Sect. 3.2 it follows that a strong discontinuity can have various
directions lying between s' and ¢! or between ¢2 and s2. From a physical view point only
the directions s! and s? are to be expected, because the model is based on the assumption
of sliding motions along those lines exclusively, and each sliding between two slices of
finite thickness is in fact a strong velocity discontinuity.

The mathematical formulation of the flow rule, however, admits also strong dis-
continuities in directions deviating from s!, s with, in the extreme case, the lines t*, ¢2
perpendicular to s2, s! respectively. In order to investigate the probability of occurrence
of those deviating directions, it is necessary to analyze in some detail the kinematics in-
volved. As.an example the case of a discontinuity developing along a #-line is considered
here.

A t'-line has according to (2.12) a direction j,, and so with Egs. (2.4) we have u = p+j

= (1,0+ —43—:l+ %qb) Introduced in Egs. (3.3) this gives

Ve, x—=Vy,y) = mcosQy+9), (Ve,,+V,.x) = msinQyp+¢)
and this in Egs. (1.13) results in
3.6) a=0, b=+m, Q= -—-m.

For a t' —line m is a positive quantity according to (3.5).

The flow mechanism in Egs. (3.6) consists of slidings of magnitude m in the s2-direction,
combined with a clockwise structural rotation of the same magnitude. Since ¢! is perpendic-
ular to s, this motion requires that the band of large shear strain rate be subdivided into
slices perpendicular to the band as shown in Fig. 15, left. The slices slide and rotate to
come in position of Fig. 15, middle, with the result that the material above the band moves
as a rigid block in a direction parallel to the band.

This kind of motion is called the tilting bookrow mechanism because it is similar to
a row of books that topple over when its support on one side is removed. For the motion
to develop it is necessary that the material within the band rotates and, considering an
individual slice, it is required that both ends be able to rotate with respect to the adjacent
material outside the band that only translates. The consequence is that gaps are created



MATHEMATICAL ELABORATION OF THE DOUBLE SLIDING, FREE ROTATING MODEL 589

as shown in Fig. 15, middle. By producing the slices in the adjacent material (dashed in
Fig. 15, right), they can be visualized as beams that have to bend on either side of the band.
The gaps are formed when the beams break.

When the slices are internally strong enough to resist the bending, the tilting bookrow
mechanism is prevented to develop and as a consequence strong discontinuities will not
occur in directions ¢! or ¢2. It is a physical question how much bending resistance the slices
are able to supply. In a granular assembly the slices are loosely connected conglomerates
of particles, held together only by forces in the contact points. They are flexible units
and it is hard to believe that such conglomerates are capable of resisting the formation
of hinges, when their length is much larger than their width. It has not yet been established
experimentally how many particle diameters the thickness of a band has at least to be for
the effect of the tilting bookrow mechanism to develop. It seems that tilting bookrow
mechanisms were observed in bands of only a few centimeters thickness.

|

v
- T

RARRNRRRY|
(RRRRNRAN

Fi1G. 15. Slices in §? direction, tilting bookrow mechanism and bending of slices.

The conclusion at this point may be that bands, separating regions with a relative
velocity parallel to the band, can develop in different directions, if the bandsize is at least
a few centimeters thick. For the evaluation of a real situation a few centimeters can be
treated mathematically as of zero thickness. As a consequence the mathematical possibility
for the occurrence of strong velocity discontinuities in directions deviating from s!, s?
must be admitted, if for practical engineering purposes it is required not to overestimate
the internal resistance of a grain structure.

4. Conclusions

The flow rule of the double sliding, free rotating model consists of a system of two
inequalities and one equality in terms of the four components of the velocity gradient
tensor. In fact these components are the partial derivatives with respect to x and y of
the two velocity components. The system of. two inequalities and one equality, for the
two unknown velocity components, forms an unusual set for solving boundary value
problems.

The system resembles a set of hyperbolic equations because specific directions can be
indicated, possessing particular properties which remind of the properties owned by char-
acteristics. Instead of discrete characteristic lines, however, in this case regions or intervals
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of directions are involved. The intervals are separated by four lines: s, t?, ¢2, s2. From
these the lines s* and s? correspond to the sliding planes, and the lines 7' and ¢? are per-
pendicular respectively to s? and s'. In the case of dilatancy the s'* and s2* lines correspond
to the sliding planes, while ¢'* and #?* have an angle (—lz—vn+8) with them, being per-
pendicular to the surfaces of the steps along which sliding occurs.

These specific lines are length conserving lines in the extreme cases, that either a = 0
or b = 0. When both slidings are active the length conserving lines are located in Intervals
(2) and (4), being perpendicular in the case of no volume change and enclosing an angle

(-—;—ﬂ-}'ﬁ) in the case of dilatancy.

For determining the velocity in a point C of a region, with a known limit stress state
and velocities given on a boundary, it is necessary to consider the s', ¢!, ¢2, 52 lines through
C. The four lines are continued up to points where the velocities are known, giving four
starting points in the, hodograph plane. Four lines drawn perpendicular to the chords
of the s!, 11,12, 52 lines through the respective starting points give a quadrangle in the
hodograph. All points within the quadrangle represent a velocity that can be executed by C.

Lines containing strong discontinuities in the velocity are analyzed as the limit of
bands containing large strain rates, The mathematical formulation admits the possibility
that the bands can be infinitely thin in various directions within Intervals (2) and (4).
The physical basis of the model suggests that only in the directions of s!, s? the bands can
reduce to thin zones and that in other directions the bands must have a finite thickness,
being the largest for bands in the directions of ¢!, #2. The band thickness, however, remains
small enough to consider it to be zero for practical purposes.

The double sliding, free rotating model for the flow of granular media in the limit
stress state is but a model. The real behaviour of granular particles during flow is intricate,
and the simplification of sliding, exclusively along planes corresponding to the planes of
exhausted shear resistance, represents this behaviour only partly. However, this part
constitutes the major difference between the normal building materials and granular media.
A system consisting of discrete and unconnected particles derives its internal resistance
from friction, and sliding occurs between individual particles when the friction is ex-
hausted. The simplification of sliding planes incorporates this typical aspect of friction
and therefore the kinematics of the model exemplifies the anomalous behaviour of granular
materials.

It was considered of interest to develop consistently the mathematical consequences
of the kinematics following from the model in order to understand and possibly predict
what real granular media might do.
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