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Disturbance of SH-type due to shearing stress discontinuity
at the interface of two layers overlying a semi-infinite medium

K. R. NAG and P. C. PAL (DHANBAD)

THE DISPLACEMENT at the plane free surface, due to sudden introduction of a shearing stress
discontinuity which moves after creation, at the interface of two layers of finite thickness, the
lower layer overlying a semi-infinite medium of different elastic constants, has been obtained in
exact form by the method due to Cagniard and modified by Garvin. Displacements at different
points on the free surface have been calculated numerically and results are shown graphically
for one particular case.

Rozwazany jest dwuwarstwowy osrodek skladajacy si¢ z gornej warstwy o stalej gruboici i dolnej
pokrywajacej polprzestrzen i charakteryzujacy sie rdinymi stalymi sprezystosci w poszczegol-
nych warstwach. Na plaszczyZnie podzialu tych warstw przylozono skokowo naprgzenie §cina-
jace, ktore nastepnie rozprzestrzenia si¢ w glab warstw. Przemieszczenie na plaskiej powierzchni
swobodnej otrzymano w postaci zamknigtej, metodg Cagniarda zmodyfikowang przez Garvina.
Przemieszczenia w réznych punktach na powierzchni swobodnej policzono numerycznie, a wy-
niki przedstawiono graficznie dla jednego przypadku szczegdlnego.

PaccmaTpuBaercs ABYXC/IOMCTaA Cpea, COCTOSAILAA C BEPXHENO CJIOS MOCTOAHHON TOJIIMHBI
H HIDKHEro CJiofd, 3alo/HAIIIEr0 IONYIPOCTPaHCTEO. Cpefa XapaKTCPHIYETCH pPAsHBIMH
MOCTOAHHLIMH YIPYTOCTH B OTAENBHEIX ¢JIoAX., Ha miockocTH paspena 9TuxX CI0eB NPHIIOHEHO
CKauKo00pasHOe HANPSDKEHHE COBHIA, KOTOPOE 3aTeM PacpoCTpaHAeTcs BriryOb cioeB. Ilepe-
MellleHie Ha IUTOCKOM CBoGO{HOM MOBEPXHOCTH MOJIYYEHO B 3aMKHYTOM Bu/e Metofom KaHesapa
momudHimpoBanbiM apBuubIM. IlepeMelleHHA B pasHBIX TOUKaX Ha cBoOojHOH moBepx-
HOCTH PacYMTAHEI YHCJICHHO; Pe3YJIBTATHI IIPECTABIEHE! rpadHYecKy IUIA OJHOTO YACTHOTO
cIyyas,

Introduction

THE TRANSIENT displacement of SH-type produced at the surface of a homogeneous elastic
half-space, due to the sudden introduction of discontinuity in the shearing stress within
a semi-infinite medium, has been obtained by NAG [1]. In another paper NAG [2] has consid-
ered the displacement at the free surface due to the sudden application of a stress discon-
tinuity, moving along the interface of a layer overlying a semi-infinite medium of different
elastic constants. A similar problem [3] was solved by the authors when the stress discon-
tinuity occurs just at the middle of the upper layer overying the semi-infinite medium.

Shearing stress discontinuity occurs in many cases, ¢.g., 1) inside the earth between
two layers if there is a crack which is being filled up by liquid, then there will be a case
of discontinuity of shearing stress in that region whereas the normal stress will be con-
tinuous, 2) when a layer tends to slide over another layer inside the earth, then shearing
stress discontinuity may occur and 3) shearing stress discontinuity may be associated
with propagation of cracks in earthquakes.

In the present paper the problem was solved for the case when shearing stress discon-



822 K.R. NAG anD P. C. PAL

tinuity occurs at the interface of two layers of finite thickness, the lower layer overlying
a semi-infinite medium of different elastic constants. The method of solution is similar
to that of the previous problems. The initial displacements were obtained for different
types of discontinuity in the shearing stress. The numerical results for one case at two
different points were shown graphically.

Formulation of the problem

We consider here three layers of different elastic constants. The upper layer (I) of
thickness A; overlies the medium (II) of thickness 4, and the layer (II) overlies the semi-
infinite medium (III). Let us take the origin of the coordinates 0 (Fig. 1) at the interface
of the layers (I) and (IT) and assume that the discontinuity occurs suddenly at the interface
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y z)
FiaG. 1.

z = 0 plane and moves with the constant velocity ¥( < §,). Since only the SH-type of
motion is being considered, we can assume that ¥ = w = 0 and that v and all quantities
are independent of y. The only equation of motion to be satisfied is, with the usual notation,

0%
where
B*=ule (B> P> p).
Now let
® LU = fip) = [ e"farydr
0

so that f(f) = L~*f(p), p is real and positive. Again, defining

®) fo,p) = [ exp(iEx) D, p)dé,

where @(£, p) being the same function as considered by NAG [1].
We can readily obtain for the layers (I), (II) and (III)

@) %, = [ (B,coshn,,z+ C,sinhy,, 2)exp(i£x)de

©) %, = [ (B,coshy,z+C,sinhy,, z)exp(iéx)d,

—0
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(6) Uy = f Dyexp{—7,,z+ifx}dE,
-0
where
p? 1/2
"k:=(‘52+ﬁ_z) , i=1,2,3.
i

The boundary conditions are
) (2),=0 at z=-—h,
(i) 9, =9, at z=0,
) (i) v, =v; at z=h,,
(iv) (2):=(2); at z=h,
) (2 —(2), = S(x,0)H() at z=0,
where S(x, t) is a function of x and ¢ (to be chosen later).

The Laplace transform of the above set of equations (7) will necessarily hold. The
boundary condition (i) is satisfied if

(8) C,cosh#, hy = B,sinhn, h,.
The boundary conditions (ii), (iii) and (iv) are satisfied if
® B, = B,,
(10) B, coshy, hy +C,sinh, h, = Dye™ "™
and
(11) f2,,(Bysinh hy+ Cycoshny h) = —pusn,, Dye” "™,
We now consider two different forms of S(x, t).
Case 1.
Let
(12) Sx,)=P,a< x<a+Vt,

= 0 elsewhere,
where P is a constant.
From the boundary condition (v) using Eqgs. (12) and, as solved by NaG in [1], we
have

P g
#17s, Ci—p2s, Co = W(m .

By solving B, C,, B,, C, etc., we haveat z = — 1,

— 2P - (Fz s +'u3 s )eifxl
13 Tlx ,—h i =J=—_ —— 2 3
Wit . ; [U’/ Vi) (2115, (11 s, + 13 75) + (e s, a3 s, F143703,))

X {e*’?,lh_Kse—3ﬂ;1h_Kse—z(n,lﬁ|+'!_,zkl)_Kse—(z’i_gzﬁ:-l-ﬂ_glﬁ:)_&e—(sﬂ,lﬁr{-zﬂ,zﬁs)

i I Kse—z{zl?,lh +15 ha) _ KaKse—Z(’?,lh +205,h3) _ KaK‘e"«ﬂﬁfll + "i;lhx)}] d&,



824 K.R. NaGg anDp P. C. PaL

where

_E‘Jnlg_“‘lql‘ <1

Pafsyt+ i Ms, ’

- #fn;’z—mm,#am, <1, K,= Peals,— [aMs, @
M3Ns, F 1y Ms, M3 s, H2Ms, +[3T)s,

2

Ky (1 s, + p375,) 2 15y — Ko (1 95, a3 75, + p4373,)
(181 7y + 3 70 b2, + (1 Moy 23 7, + p3702,

Xy =x—a, Kl =

2

K, =

Ky (1 s, + 3 sy 2 sy + Ko (g s, 13 ’?l;"‘#%’?f;)
(4175, + 13 May) 12 s, + (b1 s, o3 s, + p373,)

K5= <l,

K, = b et Batey = s e, pa ey 3TE)

(105, + pans,) 2 s, + (11 M5, a7, + 1373,)

After inserting
_ CIP Bl — 62

=2 T 2z =%

Bs
By’ v B B2
Ms, = P(l +ﬁ)l”,ﬁl sy s, = p(l +V§‘:f)”2fﬁza Ns, = ¢ +7§ C%)”zllﬁ.’! »

we have the first term in Eq. (13) which is given by

= ¥z,

(41, = _3’7 f {e2(1+912D)/2 +03(1+93L) * Jexp[—p{— iy X1 + 1y (1 + 1) }/B,] i,
0

D' +iL,)
where
D = [o:(1++1 L))" {0 (1 4+2D)"* + 02 (1 +93 (D)2}
+0103(1+LH2(1+93 2D 2 +03(1 +1 LD)].
Let
t = {—il;x+h,(1+8)"2} 87"
then, by inversion,

60 = S Uk by (= G+ R,

Now, as obtained by NAG [2], we have
' 1
(15) iy A 3; f (= DGIENdL  since  LIH®O] =z -
0
where

{021 +IEDVE +05(1 +3C) 2} L B (1= (1 +HD) 267
D' +iL,)

(16) G,[C:(0)] = Re
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By a similar procedure, we have

iy o 2P g _
i A cf (1= DGalln(dA,

wherem = 2,3, ... up to 8,
1D Gl
= Re{{os(1+920+ 05(1 +936)V5} [oa(1 410D V3{os(1 +92ED ™ +o(1 + 21}
+{e30HRD -1+ D1 92 )] B2

~ (3 +9R) 2671} /D2 +it,)),
18)  Gilts(®)]

= Re{{a(1 4938724 05(1-+9HD Y2} [{0a(1+ 8D+ 051 +53D2)a (1 453232
— 01 03(1+ )2 (1 43831 52 it — {x}
+(hy+ 21k} 26;1] / D26 +iL3)),

(o175 (1 +73C0)V 2} S8 HIt— (ot + 4Gk Hhan )2} )
DG +iL) '

(19)  Gu[la(®)] = Re
(200 Gs[s()]

= Re({ea(1+92D)" +05(1-+930H) 7} [oa(1 +910D) {es(1 493032~ 0,1+ 82

~ (@304~ 01031+ 82U +9HD )] 8 H{t— {x} + By + 2hys, Y2

_ x ﬁr‘]/ D‘(v'+fts)>,

D IR (410)
= Re{{oa(1 732D + (1 493092} loa(1 +93LD) V2 {05 (1 493822 — 0, (1 4+ LD}
+ {03 (1+ 70 — 0105 (1+88) (1 +9348)' ] fi‘,:T“H[r— {xi+4(2hy +hyr)?}

x b1/ D20 +ity)),
@ Gt

= Re ({0 (143292 — 03(14+933) V2 o1 (1+ 832+ 05(1 493320, (1 +53L)2
—g103(1+83)V2(1 +4329)'7%] d‘j,l H[t— {x2+4(h,

+2hyy 21271/ DA +iLy)),
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(23) GslZs(0)]
= Re <{9z(1 +308)V2 +03(1+v383)2} 0. (1 +9328) V2 {03 (149383) > —0, (1 + 13)"/?}

—{e3(1++{03)—e10:(1+83)"2(1 +vi"¢%)”’}]% Hl[t— {x}+16(h,

+ho Y6/ DA 4 L))

Hence
0,(¢,~hy, 1) = L~ I = L~* YL, (for the initial eight values).
m=1
Case 2.
Let
29 S(x, 1) = Ph,d(x—V1).

From the boundary condition (v) and Eq. (24), and as obtained by NAG in [2), we

have
- P
@5) Pl Com a2 = 5 e e

Solving for B,, C,, B,; C, etc., we have at z = —h,,

o0
v (x ~h p) = 2Pkl [ (ﬂz’}u +Ju3 ns,)ei&x
1\Xy =y, 14 F (plV +if) {,”z’i's,(}h n’!+ﬂ37}‘3)+(quﬁiu-'!’?sa"'ﬂgﬂg,)}

5 {e—’igl-’fl.__Kse“':!"i,lkl_ Kse—(z’i,zhz'f"f;'ﬁ:)_Kse"z(’?;l’h"“ﬂ,z*:}_K‘e—(s"’?;l’ll +2qsz’h)

—-K; Ksehmq,lkﬂn,,h)_xa Kﬁe—z("‘n'“ +211_,ziu)_K3 Kde—d(qslk,.}.q‘]k,}}] dE
where K3, K, etc. are defined in Eq. (13).
8

Hence v,(x,—h,,t) = L' Y I, (for initial eight values) where L', (m =1,

m=1
2,...) are the same as determined in Case 1 except that in this case the integrands do
not contain the factor (t— 1) and 2P/x and x, are replaced by 2Ph, [aV and x respectively.
For example, L~! I, is given by

L= 2P fGl[?,',(l)]dl since L[H(1)] -—%
0

114

and G, [£,(1)] is the same as defined in Eq. (16).

Numerical calculation and discussion

Numerical values of Kv,(x,—h,,t) for x = 5h, and x = 10h, were calculated using
the same method as that used by the authors in a previous paper [3] and by following

GILBERT and KNOPOFF [4], only in the initial stages of the motion, for Case 2. The values

' — . : h
of Kv,(x,—h,, 1) were plotted against the dimensionless quantity 7 given by 7 = .—cﬁ—‘
1
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avp: h 1
2PHY’ h, 2
Q; = 02 = 03 = g. Curve (I) is for x = 5k, and (Il) for x = 10h,. For x = 5h; and
x = 10h, the times at which the disturbance arrives at the point of observations are 5.06

in Fig. 2. It is being assumed that K = =2, 1, =3, =V2,

-
1

(T~Kvy) Graph
T=1f1/h

Kt (%,-hy,T)
]

FIG. 2.

and 10.05, respectively. From Fig. 2 it is clear that the curves undergo changes in their
slopes as the different pulses arrive after undergoing reflections from the boundaries of
the layers. It is also clear that the contributions due to the third pulse for x = 10k, will
arrive in a shorter time than for x = 54, .
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